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CHAPTER 1

Preliminaries

Throughout this course, we will use Lebesgue integral rather than Riemannian integral.
Here we only exhibit some important properties about differentiation and integration that
everyone must know, following the presentation in [Brell, Chapter 4|, one can refer e.g. the
monograph [WZ15]| for a nice introduction about Lebesgue integral. In order to avoid too
much terminology, here we only exhibit the results for open sets €2, but however they also
valid for more general domains. Throughout this lecture note, the abbreviation “a.e.” means
“almost everywhere”, and we usually omit this if there is no ambiguity.

In this lecture note, we will denote the vector! by x := (z1, 29, -+ ,1,), despite it means

the column vector
A

Tn
Let  be any open set in R™, and for each 1 < p < oo we define

1/p
LP(Q) := {f 1 Q= Rwith || f]|ze) = (/Q |f(a:)]pd:c> < oo} when 1 <p < o0,

L=(Q) = {f 1 Q0 = R with || f]|ze) = 81618|f(m)| < oo}

For each 1 < p < oo, one sees that ||| f[P||z1@) = |f[}»q) therefore in many cases it is

suffice to consider L!-functions. We first collect some properties of L! spaces in the following
theorem.

LEMMA 1.0.1 (Monotone convergence theorem, Beppo Levi). Let Q be an open set in R™,
and let { fi}ren be a sequence of functions in L'(Q) satisfying

file) < folx) < - < file) < frp(x) <+ forae e, iug/ fr < o0,
eN Ja
then fr(x) converges a.e. on Q) to a finite limit, which we denote by f(x). In addition, such
limit function f(x) belongs to L' () and satisfies

fe — fin Ll(Q), that is, kh_)rg@ Il fx — f”Ll(Q) =0.

LEMMA 1.0.2 (Lebesgue dominated convergence theorem [Brell, Theorem 4.2|). Let 2
be an open set in R™ and let { fy}ren C LY(Q) be a sequence of functions satisfying

(1) fr(x) = f(x) a.e. in
(2) there is a function g € L*(Q) such that |fi(x)| < g(x) a.e. in Q for all k € N.

Then f € LY(Q) and fr — f in L' ().

ISome author also use the notation Z, or simply .
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LEMMA 1.0.3 (Fatou’s lemma). Let Q2 be an open set in R™ and let { fi}ren C L'(Q2) be
a sequence of functions satisfying

fr(x) >0 for a.e. « € Q and for all k € N, sup/ fr < o0.
keN Jo

We set f(x) := liminfy o fu(z) < +oo. Then f € LY(Q) and

/f dw<hm1nf/fk

It is also important to mention the following fact:

THEOREM 1.0.4 (Fubini’s theorem). Let Q1 be an open set in R™ and let Qs be an open
set in R™, and let F : Qy x Q3 — R be a (measurable) function.

(1) If F >0 a.e. in Qy x Qy, then

(1.0.1) /Q /Q F(w,y)dwdy:/gl /QQF(:I;,y)dydw.

(2) If F e LY x ), e [ [o |F(z,y)|dedy < oo, then (1.0.1) also holds.
We now collect some elementary properties of L” spaces in the following theorem.

THEOREM 1.0.5 (|Brell, Theorems 4.6-4.8]). Let Q be an open set in R™. Assume that
ferLPQ) and g € LV (Q) with 1 < p < 0o and :z% —i—% = 1. Then fg € L*(Q) and the
following Hoélder’s inequality holds:

(10.2) /v 2) dz < ||l 9l

and the equality in (1.0.2) holds when there exists ¢ € R such that |g(x)| = c|f(x)|P~" for a.e.
x € Q. In addition, the function ||| r) : LP(Q) = R defines a norm, and (LP(2), |- || zr())
is a Banach space for all 1 < p < oo (this is well-known as Fischer-Riesz Theorem).

EXERCISE 1.0.6. For each 1 < p < oo and z% + 117 = 1, show the following inequality:

1 1.
abg—ahr—,bp for all @ > 0 and b > 0.
p p

Use this to conclude the Holder’s inequality (1.0.2). [Hint: One way to show this is using the
concavity of the logarithmic function on (0, 00).|

EXERCISE 1.0.7. Let f € LP(Q2), g € L%(Q) and h € L"(Q2) for some 1 < p,q,r < oo with
%—1— % + 1 =1. Then fgh € L*(Q2) and

/u @) dz < 11l 19l oo bl

EXERCISE 1.0.8. Show that || - ||z : LP(2) — R defines a norm. [Hint: Use the
convexity of the mapping ¢ — ¥ for each 1 < p < o0
EXERCISE 1.0.9. Given any f € L?(€2), show that

(1.0.3) 1oy = /f

IgHLp @
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as well as
(109 e = sw [ [f@)g(a)lda
llgll ,pr @

EXERCISE 1.0.10 (Minkowski’s integral inequality). In fact, (1.0.3) holds true for any
(measurable) f (not necessarly in LP(€2)). Using this fact to show

(/92 /Ql Flay)de p dy); < /Q1 ( . \F(w,y)lpdyy de.

EXERCISE 1.0.11. Deduce that if f € LP(Q2) N L(Q2) with 1 < p < oo and 1 < ¢ < o0,
then f € L"(Q) for every r between p and ¢q. More precisely, write
1 o 1—-«

—=—+ — with0<a<1
r p q

and prove that
£z < 1oy f ety

In the context of PDE, the following notion plays a central role:

DEFINITION 1.0.12. The convolution of two measurable functions f,g : R" — R is the
function f % g : R™ — R given by

(fx9)(x):= [ flyglx—y)dy

Rn

provided that the integral exists a.e. A change of variable gives that fxg=g¢g* f.
The convolution is well-defined in the following sense:

LEMMA 1.0.13 (Young’s inequality [Brell, Exercise 4.30]). Let 1 <p < o0, 1 <¢g< o0
be such that %—i—% > 1. Set + = %—1—%—1 so that 1 <r < oo. Letv € LP(R") and p € LY(R").
Then pxv e L"(R") and
[ * vl Lr@ny < [Vl zo@n)llollLo@n)-
We now collect some definitions and facts about differentiation. For a one variable

function wu, its derivative at ¢t € R is (at least formally) defined by

() = }lllg(l) u(t + h})L — u(t)

Let e; be the j™-column of the nxn identity matrix, and the partial derivatives are (formally)
defined by

o ul@+ hey) — u(a)
dju(x) = ]lllgé . :
We recall the following fundamental theorem:

LEMMA 1.0.14 (see e.g. [Apo74, Theorem 12.13|). If both partial derivatives O;,u and
Oi,u exist near a point xog and if both 0;,0;,u and 0;,0;,u are continuous at xq, then

81'1 &Qu(axo) = 81»2 8,‘1 U(CB()) .



1. PRELIMINARIES 4

Therefore, we usually denote 0,,,, = 0;,0;, = 0;,0;,, regardless the order of partial
derivatives. We also exhibit some notations which are helpful to express higher order
derivatives. For each multi-index v = (ay, - - - , o,) with non-negative integers «;, we define

supp (o) :=={j € {1,--- ,n}:a; #0}, | ::a1+a2+---+anEZaj,
j=1

as well as
0% = H 8?'7 with the convention 90 :=1Id,
jé€supp ()
and the partial derivatives in 0% are pairwise commute. In view of Lemma 1.0.14, for each
open set () and a non-negative integer k, we define the spaces

C*(Q) := {u: Q — C: 0*u is continuous for all a with |a| < k},

C*(Q) == {ulg : u € C*(U) for some open set U D Q},

CE(Q) == {u € C*(Q) : supp (u) C Q is compact} .
By considering the zero extension, one also sees that
(1.0.5) C¥() = {u e C*R") : supp (u) C Q is compact } .
Similarly, we also write

C(Q) :={u € C™(Q) : supp (u) C Q is compact}
= {u e C*(R") : supp (u) C €2 is compact} .

The following density result is fundamental:

LEMMA 1.0.15. Let Q be an open set in R". Then CX(Q) is dense in LP(Q) for any
1 < p < oo, that is, given any f € LP(QY), there exists a sequence of functions { fi}ren in
C>(Q) such that fr, — f in LP(9).

EXERCISE 1.0.16. Show that Lemma 1.0.15 does not hold true when p = cc.

We now state the following proposition, which serves as the most important ingredient
in this course:

PROPOSITION 1.0.17 (Divergence theorem, see e.g. [Str08, Appendix A.3|). Let 2 be a

bounded domain in R™ with a piecewise-C' boundary 02. Let v = (vi,--- ,v,) be the unit
outward normal vector on 0S), then
Q o0

for all f € CYQ), where dS, is the surface element (can be characterized in terms of
Hausdorff measure) on OS.

EXERCISE 1.0.18. Suppose that all assumptions in Proposition 1.0.17 holds. Show that
(1.0.7) /V-fdw:/ v- fdS,
Q o0

for all f = (f1,--+, fa) € (C1(Q))", where V - f(x) := 0, fi(x) + - + Op fu(x) is called the

divergence of f.
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Using product rule, it is easy to see that

/mmfgdsz/Q@i(fg)dwz/Q(“)Z-f(x)g(a:)dw+/Qf($)3z‘9(93)dm

Hence we immediately reach the following useful corollary:

COROLLARY 1.0.19 (Integration by parts). Suppose that all assumptions in
Proposition 1.0.17 holds, then

/ 0:f () g(w) dz = / (@) f(@g(e) s, - / F()0rg () da

for all f,g € C1(Q

REMARK. We now restrict ourselves when n = 1. When Q = (a,b), the above identity

simply reads
[ rwe = sz - [ e

which is just the usual integration by parts. In fact, each open set €2 can be written as
union of countably many disjoint open intervals [WZ15], and therefore the above formula
can be extended for arbitrary open sets in R'. The fundamental theorem of calculus is simply
a special case of divergence theorem. Indeed Corollary 1.0.19 can be extended for general
bounded Lipschitz domains and in weak sense (see Theorem 3.2.8 below).

EXERCISE 1.0.20 (Green’s theorem as a special case of divergence theorem). Suppose
that all assumptions in Proposition 1.0.17 holds with n = 2. The Green’s theorem stated
that

[ @uate) ~op(a.) drdy = [ (pdo -+ qdy),
Q oD
for all p,q € C*(Q), where the right-hand-side is the line integral defined by

/8D(p dz + qdy) == /aD(p('y(s)), q(v(s))) - t(s) ds

where v(s) is the arc-lengh parametrization of 0D and %(s) is the unit tangent vector field
(usually chosen to be counterclockwise oriented). Show that Green’s theorem is a special
case of the divergence theorem.



CHAPTER 2

Partial differential equation in classical sense

2.1. What is partial differential equations

In many cases, it is not convenient to write down the function explicitly. For example,
for the function u(t) := sin™'t for —1 < ¢ < —1, it is more convenient to write it as

sin(u(t)) = t.

Taking derivative on both sides of the above equation, or in some fancy words “performing
implicit differentiation”, we reach

cos(u(t))u'(t) = 1.
If we write F(t,u,u’) := cos(u(t))u'(t) — 1, then we see that the above equation is simply a
special case of the following first-order ordinary differential equation:
F(t,u,u') =0.

In general, for any k € N, where N = {1,2,3,---}, the most general k'"-order ordinary
differential equation (ODE) takes the form

F(t,u -, u®) =0,

where u®) is the k*M-derivative of u. The key defining property of a partial differential
equation is that there is more than one independent variable x, 23, -+, z, (n € N). Similar
as above, we now introduce the following definition.

DEFINITION 2.1.1. The general k™-order partial differential equation (PDE) takes the
form

(2.1.1) F (a:, {8au}|a|§k) =F (w, u, {6°‘u}|a‘:1, s ,{8°‘u}|a|:k) = 0.
A solution of (2.1.1) is a function u that satisfies the equation identically in some region

(open sets) in R™.

In view of Theorem 1.0.14, the above definition is at least well-defined for C*-solutions
u. It is convenient to write the PDE in operator form: We write

Lu:=F (w, {(‘9o‘u}|a|§k) ,
where F is the function given in (2.1.1).
DEFINITION 2.1.2. Given any function g, and we consider a PDE Lu = g. If ¢ =0, then
we say that the PDE is homogeneous. We say that the PDE is:
(1) linear when (Lu)(x) = Z Ca(x)0%u(x) for some functions cy;

je|<k

(2) semilinear when (Lu)(x) = Z Cal(x)0%u(x) + G (337 {aau}|a\<k);

|a|=k
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(3) quasilinear when (Lu)(x) = Z Ca (2, {0%u}jaj<k) O%u(z).

|a|=k

If £ is semilinear, sometimes we refer

(Lomnu)(@) = ) cal@)0u()

|a|=k
the principal part of L. Here are some examples:

(1) The transport equation »,, _, 0%u = 1 is a first order linear PDE.

(2) The shock wave equation 0ju + udeu = 0 is a first order quasilinear PDE.

(3) The Laplace equation d%u + ---92u = 0 is a second order linear PDE. We often
denote the Laplace operator (or Laplacian) by Au = 0. Here “A” is the capital-delta
in Greek.

(4) The diffusion /heat/caloric equation dyu — Au = 0 is a second order linear PDE.

(5) The wave equation 9?u — Au = 0 is a second order linear PDE.

(6) The Schrodinger equation d,u — iAu = 0, with the imaginary number i = /—1
[BN10, FB09, Kow23|, is a second order linear PDE.

(7) The dispersive wave equation dyu + ud,u+ d2u = 0 is a third order semilinear PDE.

(8) The Korteweg-deVries (KdV) equation dyu + d2u + 6ud,u = 0 is a third order
semilinear PDE.

REMARK. It is still possible to generalize the PDE in Definition 2.1.1, for example, from
the pseudodifferential operator point of view. For example, the fractional Laplacian, see
e.g. |[Kwal7| for (at least) ten equivalent definition for fractional Laplacian, or my PhD
dissertation [Kow21| for fractional order elliptic equations. Here we also refer to a monograph
[KRY20] for a nice introduction on Riemann-Liouville/Caputo derivatives in weak sense. We
will not cover these advance topics in this lecture note.

2.2. First order PDE

2.2.1. Transport equation. We begin our discussion of PDEs by solving some simple
ones. Given a horizontal pipe of fixed cross section in the (positive) z-direction. Suppose that
there is a fluid flowing at a constant rate ¢ (¢ = 0 means the fluid is stationary; ¢ > 0 means
flowing toward right, otherwise towards left). We now assume that there is a substance is
suspended in the water.

Fix a point at the pipe, and we set the point as the origin 0, and let u(¢,z) be the
concentration of such substance. The amount of pollutant in the interval [0,y] at time ¢ is

given by
y
/ u(t, ) dz.
0

At the later time t + 7, the same molecules of pollutant moved by the displacement c7, and

this means
Yy y+cT
/ u(t,x)dr = / u(t + 7, x) dz.
0 c

.
If w is continuous, by using the fundamental theorem of calculus, by differentiating the above
equation with respect to y, one sees that

(2.2.1) u(t,y) =u(t+ 1,y +cr) forally € R.
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If we further assume u € C?, then differentiating (2.2.1) with respect to 7, we reach the
following transport equation:

0=wu(t+7,y+cr)|,_,=0wu(t,z) + coyu(t,z) forall (t,z) e RxR.

2.2.2. The constant coefficient equation. The simplest possible PDE is du(t,z) =
0. Its general solution is u(t,z) = f(x), where f is any function of one variables. Because the
solutions are independent of ¢, they are constant on the lines x = constant in the (¢, z)-plane.
Let ¢ = constant # 0 and let us solve the transport equation

(2.2.2) Oyu + cOpu =0

for a function u = u(t,z) € C'(R x R). Given any £ € R, we see that the set L¢ of points
(t,x) solving x — ct = £ is a straight line in (¢, z)-plane. Since we see that

O (ulre(t)) = 0 (u(t, ct +€)) = (Qyu + cOpu)|1 () =0 for all t € R,
then by using chain rule we see that
ulre (1) = u(t,ct + &) = u(0,§) = u(0,z —ct) forallteR.

Hence it is make sense to refer L, the characteristic line of (2.2.2). This means that the
general solution of (2.2.2) must takes the form

(2.2.3) u(t,x) = f(x — ct)

for some function f € C*(R). Formula (2.2.3) represents the general solution u uniquely in
terms of its initial values

u(0, ) = f(x).
In other words, if u; and uy are C*(R) solutions of (2.2.2) with u;(0,z) = ux(0,2) = f(z),
then u; = uy throughout the whole (¢, z)-plane. Conversely, every u of the form (2.2.3) is

a solution of (2.2.2) with initial values f provided f is of class C'(R). We conclude the
following in the following theorem:

THEOREM 2.2.1. Given any f € C'(R), there exists a unique solution u € C'(R?) of
(2.2.2). In addition, the solution is of the form (2.2.3).

REMARK. Here we also exhibit another way to compute the solutions. By writing ¢’ =
t+ cx and 2’ = ¢t — x, and abusing the notation u(t,z) and u(t', 2"), by using chain rule one
sees that

O = Opudit’ + Opudir’ = Opu + cOyu,
Oy = Opulyt’ + Opudyr’ = cOpu — Opu.
Together with (2.2.2), one has
(1+c*)Opu = Opu + cOpu = 0.
This means that u is independent of ¢, thus the general solution is u(t,z) = f(—a') =
f(z —ct).
EXERCISE 2.2.2. Solve O,u + O,u = 1.
EXERCISE 2.2.3. Solve 0;u + cO,u + ku = 0, where ¢ and k are constants.

EXERCISE 2.2.4. Solve Qyu + 20,u + (2t — x)u = 2t* + 3tz — 222



2.2. FIRST ORDER PDE 9

We use this example with its explicit solution to bring out some of the notions connected
with the numerical solution of PDE by the method of finite differences. In view of the
definition of the partial derivatives, it seems natural to approximate (2.2.2) by the forward
difference quotients:

v(t+k,x)—o(t,z)  v(t,z+h)—o(t, )
k e h

for small positive parameters h, k. We now solve v with initial values v(0,z) = f(z) with a
fixed ratio A = k/h. We hope that v approximate u as k — 04 (iff h — 04).
We write (2.2.4) as a recursion formula

v(t+k,x) = (1 + Ae)v(t,z) — Aev(t,x + h).

Introducing the shift operator £ defined by Eg(x) = g(x+ h), we can write the above identity
as

(2.2.4) —0

v(t+k,z) = ((14+ Ac) — Ac€) v(t, z).
Since (1+ Ac) and —Ac€ are commute, by using a formal binomial theorem (which holds true
for any operator which are commute), one can easily compute that

V(t, )|tk = v(nk,z) = ((1 + Ac) — Ac€)" v(0, )
= Z ( ) (14 Xe)™(=AcE)" ™™ f ()

_Z( ) 14 X)™(=Xe)" ™ f(x + (n — m)h),

which solves (2.2.4) with initial values v(x,0) = f(z). The domain of dependence for
V(t, )| t=nk 18

t
(2.2.5) {x,x—l—h,x—i—Qh,---,x+nh:x+x}.

Letting h, k — 04 with a fixed ratio A = k/h, the limit of the set (2.2.5) (in the topological
sense) is the interval [x,z + (¢/A)]. However, from (2.2.3), the domain of dependence of
the solution u(t,x) is « — ct, which lies completely outside [z,x + (¢/A)]. In plain words,
this scheme attempts to solve the PDE using some information which is totally irrelevant®,
therefore we do not expect the solution v converges to u as k — 0, (iff h — 04).

A more appropriate difference scheme uses backward difference quotients:

w(t+k,z) —w(t,z) w(t,z)—w(t,x—h)
+c
k h
Using similar computations, under a fixed ratio A = k/h one can show that

= 0.

(2.2.6)

n

Wity )iz = Y (Z) (1= A)™(A)" ™ f(z — (n — m)h).

m=0

The domain of dependence for w(t, x)|i=nx is

{x,x—h,x—Qh,---,x—nhzx—%},

1To be precise, the scheme (2.2.4) does not satisfies the Courant-Friedrichs-Lewy test [Joh78].
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which is approximating the set [x,x — (¢/A)]. This scheme looks good, at least now useful
information = — ¢t (see (2.2.3)) is now included in the domain of dependence [x,z — (t/\)] if
we choose Ac <1 (even though it contains some redundant information).

In fact, one can prove that w converges to u as h — 0, with the fixed ratio A = k/h with
Ae < 1:

Kth . 1
lu(t,z) — w(t,z)| < —~ with K = 5(02)\2 + )| f | oo w)-

We will not going to go through all these details, see [Joh78] for more details. In general,
given a PDE (with a unique regular solution), the numerical scheme need to be carefully
chosen. One also can refer to the monograph |[AHO09| for detailed explanation about this
topic.

EXERCISE 2.2.5. Using computer software (Octave, MATLAB, SageMath (Python) etc.)
to verify the numerical schemes (2.2.4) and (2.2.6). One can choose, for example, f be the
bump function, which is C*° and has compact support.

2.2.3. The variable coefficient equation. Before we proceed, let us recall some
fundamental theorems. We now consider the following standard form of ODE:

(2.2.7) V(t) = clt, y(t))-

We recall the following two fundamental theorems of ODE (see Theorem 2.2.6 and
Theorem 2.2.9 below, both of them also hold true for system of equations as well):

THEOREM 2.2.6 (JHS99, Theorem 1-2-5]). Let ty,xo € R. Suppose that (t,z) — c(t,z)
18 real-valued and continuous on a rectangular region

R ={(t,x): |t —to| < a,|r — x| < b}
for some positive numbers a and b. Let
. { i llell <) = 0,
min{a, bHcHZOIO(R)} if || ¢l oo (ry > 0.
Then there exists a solution v € C'((tg — a, tg + «)) of the ODE (2.2.7) with v(to) = xo.
EXAMPLE 2.2.7 (|[HS99, Example I-2-6]). Theorem 2.2.6 applies to the ODE
(2.28) V() = t((1)7, (3) =0,

One sees that y(t) = 0 is obviously a solution of the above ODE. In fact, one also verifies
that

0 for t < 3,

(2.2.9) () = (M>/ for t > 3
5 >3,

is also a solution of (2.2.8). This shows that in general the solution of ODE (2.2.7) may not
unique.

EXERCISE 2.2.8. Verify the function v given in (2.2.9) is C*(R) and it solves (2.2.8).

We need extra assumptions to guarantee uniqueness.
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THEOREM 2.2.9 (|[HS99, Theorem I-1-4|). Suppose that all assumptions in Theorem 2.2.6
hold. We additionally assume that there exists a positive constant L such that
(2.2.10) le(t, z1) — c(t,x2)| < Llxy — a4
whenever (t,x1) and (t,x2) are in the region R. Then there exists a unique solution y €
C((to — a,to + ) of the ODE (2.2.7) with v(ty) = xo.

We now consider the transport equation with variable coefficient equation of the form
(2.2.11) Owu+ c(t,z)0,u =0, u(0,z)= f(z),

where f € C*(R) and c satisfies all assumption in Theorem 2.2.9. Given any s € R and we
consider a curve x = 7y,(t), where v solves the ODE (2.2.7) with ~,(0) = s. Similar to above,
we now restrict u on a curve x = v,(t), and one sees that

Oy (ul, (1)) = Oy (u(t, 7s(t))) = (Osu + (1) 0ptt) [ o=, (1)
= (Opu + c(t, 2)0pu) |yt = 0.

This means that u is constant along the characteristic curve v5. Hence

(2.2.12) u(t, 7s(t)) = u(0,75(0)) = f(7:(0)) = f(s).

For later convenience, we write y(t,s) = 7s(t). Fix x € R and we now want to solve
the equation x = (¢, s). From (0, z) = z, if 957(0,z) # 0, then we can apply the implicit
function theorem [Apo74, Theorem 13.7] to guarantee that there exist an open neighborhood
U, C Rof 0 and g, € C'(U,) such that g,(0) = z and x = (¢, s)|s=g, 1) for all t € U,. In
other words, we found a solution s = g,(t) = g(z,t) of the equation x = ~(¢,s) in U,.
Plugging this solution into (2.2.12), we conclude

(2.2.13) u(t,z) = f(g(x,t)) for all x with dsv(0,z) # 0 and ¢ € U,.

This completes the local existence proof. Uniqueness follows from the fact that u is constant
along the characteristic curve 7.

ExXAMPLE 2.2.10 (Revisit Section 2.2.2). Given any f € C'(R), let us now consider
(2.2.11) with ¢ = constant. In this case, (2.2.7) reads 7/(t) = c. For each s € R, it is easy to
see that the solution of v.(¢) = ¢ with 7,5(0) = s is

Y(t, s) = vs(t) = ct + s.
For each = € R, the solution of © = (¢, s) is clearly given by s = g(x,t) = = — ct, and thus
from (2.2.13) we conclude that
U(t,.I) = f({L' - Ct)a
which agrees with (2.2.3).

EXAMPLE 2.2.11. Given any f € C'(R), we now want to solve dyu + rd,u = 0 with
u(0,z) = f(x) for all z € R. Write ¢(¢,z) = x, and for each s € R we consider the ODE

Volt) = c(t, 7s(t)) = 7s(t),  (0) = s.
By using the integrating factor, one can easily see that the solution of the ODE is
7s(t) = e's.

For each z € R, the solution of x = ~,(t) is given by s = g(x,t) = e 'z, and thus from
(2.2.13) we conclude that

u(t,x) = f(g(l’,t)) = f(e_tx)‘
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EXAMPLE 2.2.12. Given any f € C'(R), we now want to solve dyu + 2tz?0,u = 0 with
u(0,z) = f(z) for all z € R. Write c(¢, z) = 2tz?, and for each s # 0 we consider the ODE

’y;(t) = 2t(79(t))27 78(0) - S_l.

By using the method of separation of variables, one can easily see that the solution of the
ODE is

¥s(t) = (s —17) 7,

which is valid

(2.2.14) {for allt € R when s <0,

for all > < s when s > 0,

but the ODE is not solvable when s = 0. When s # 0, the solution of x = ~4(¢) is given by
s =t + L, and thus from (2.2.13) we conclude that

x
1+ t2x

u(t,z) = f(s') = f ( ) for all x # —t2.

REMARK 2.2.13. Recall that the local existence proof for the solution of the PDE (2.2.11)
involving implicit function theorem, which requires ¢(0, ) # 0. As we see in Example 2.2.10
and Example 2.2.11, the PDE also solvable for those x with ¢(0,2) = 0. However, in
Example 2.2.12, we see that the PDE is not solvable for those x with ¢(0,2) = 0. The
existence theorem guarantees the local solvable when x with ¢(0,z) # 0 and inconclusive
when ¢(0,z) = 0: The implicit function theorem provided only sufficient condition, but not
necessary condition. In addition, the existence theorem does not guarantee the maximal
domain, the solution may global (i.e. valid for all £ € R) in some case.

We now summarize the above ideas in the following algorithm:

Algorithm 1 Solving dyu + c(t, )0, u + d(t, x)u = F(t, ) with u(0,2) = f(x)

1: Solve the ODE ~.(t) = ¢(t,vs(t)) with given ~,(0) for any suitable parameter s.
2: Compute Op(u(t,vs(t))).

3: Rewrite the identity x = ~,(t) in the form of s = g(x,t).

4: Identify the domain for which u(t,z) = f(g(x,t)) solves dyu + ¢(t, z)0,u = 0.

EXERCISE 2.2.14. Given any f € C'(R), solve the equation (1 + t*)0u + d,u = 0 with
u(0,2) = f(x) and identify the range of x.

EXERCISE 2.2.15. Given any f € C'(R), solve the equation td,u+zd,u = 0 with u(0,x) =
f(x) and identify the range of x.

EXERCISE 2.2.16. Solve the equation zdyu + td,u = 0 with u(0,z) = e™*".

REMARK (Generality of the ideas). The method of characteristic also works for fairly
general Cauchy problem of the (high dimensional) first order inhomogeneous quasilinear
equation (even works for some cases for fully nonlinear case), see [Joh78|.
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2.3. Linear PDE of second order

We now move on to the linear second order PDE. We usually classify them by considering
its principal part (i.e. the term with highest order derivatives). For simplicity, let us consider
the principal part of the constant coefficient case:

AV = Z a;;0;0;u.
ij=1
Suppose that the matrix A = (a;;) is real symmetric. It is well-known that A is unitary
diagonalizable, i.e. there exists an invertible @ with Q' = QT such that A = QDQT for
some diagonal matrix D = diag (A1,---,A,), where A; are called the eigenvalues of the
matrix A.
(1) If \; >0 forall j =1,---,n, then we say that second order linear PDE is elliptic.
(2) If A\jy,=0and A\; >0forall j € {1,--- ,n}\{jo}, then we say that the second order
linear PDE is parabolic.
(3) If Nj, <Oand \; >0 forall j € {1,--- ,n}\{jo}, then we say that the second order
linear PDE is hyperbolic.
(4) If n > 4 and there exists 4 different indices jo, 5}, 71,71 € {1,---,n} such that
Njo <0, Ajp <0, Aj; >0 and Ay > 0, then we say that the second order linear PDE
is ultrahyperbolic.
We have to emphasize that the above are not complete classifications of the second order
linear PDE.

EXERCISE 2.3.1. Let A = (a;;) be a real symmetric matrix. Show that all its eigenvalue
are positive if and only if
AE-E=ETAE >0 forall £ € R™.
REMARK 2.3.2. If we consider the linear second order PDE with principal part

n

(2.3.1a) Alz) : V¥ = Z a;;(x)0;0;u, or
(2.3.1b) V- (A(z)Vu) = Z 0; (aij(z)0;u)

then we say that (2.3.1a) and (2.3.1b) is uniformly elliptic on a domain Q if there exists a
constant ¢ > 0 such that

A(x)E - &€ =€TA(x)E > cl€)* forallx € Q and £ € R™.

We usually call (2.3.1a) the second order elliptic operator of non-divergence form, while
(2.3.1b) the second order elliptic operator of divergence form. In many cases, it is more
convenient to consider the divergence form (2.3.1b) since it is symmetric with respect to the
integration by parts formula Corollary 1.0.19. In particular when A = Id, then both (2.3.1a)
and (2.3.1b) reduce into the Laplace operator (or Laplacian):

A= Zn: 8fu.
i=1

EXERCISE 2.3.3. Let n = 2. Classify each of the equations:
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(1) &?u — 50,0ou = 0;

(2) 40%u — 12010u + 903u + Dou = 0;

(3) 40%u + 6010u + 903u = 0.

EXERCISE 2.3.4 (Standard examples of second order linear PDE). Classify each of the
equations:

(1) = Au+b-Vu+ cu = 0 with u = u(x), where V. = (0y,---,0,) is the gradient
operator.

(2) Heat equation (or caloric equation, diffusion equation). d,u — Au+b-Vu+
cu =0 with u = u(t, x).

(3) Wave equation. 9?u — Au+b-Vu + cu = 0 with u = u(t, ).

(4) Suppose that Lu = A : V®%u, where A = (a;;) be a real symmetric positive definite
matrix (in the sense of Exercise 2.3.1). What can we say about the operator 0, — £
as well as 02 — L7

REMARK 2.3.5. Many authors (including myself) would prefer put a minus sign in front
of the Laplacian A (or the elliptic operator (2.3.1b)) as indicated in Exercise 2.3.4, due to
the maximum principle (Lemma 3.5.5), eigenvalue decomposition (Theorem 3.6.4) as well
as Fourier transform (Exercise 4.2.8) below. This minus sign is actually come from the
integration by parts (Corollary 1.0.19).

2.4. Wave equation

2.4.1. 1-dimensional wave equation on the whole line R. We now begin our
discussions by studying the C?-solution of the one-dimensional wave equation

(2.4.1) Otu(t,x) = A20%u(t,x) for (t,z) € R x R,

for some ¢ > 0, which is also the simplest form of second order hyperbolic PDE. The above
wave equation can be written as (because the differential operators are linear and commute)

(2.4.2) (0r — c0y)(Or + cOp)u =0 for (t,z) € R xR,

in other words, the function v := (0, + c0,)u = dyu + cd,u satisfies the transport equation.
One may use the above method to solve the general solution of (2.4.1). Here we exhibit
another method to solve (2.4.1) using characteristic coordinate given by

E=x+ct, n=x—ct.

For simplicity, here we slightly abuse the notation by identifying v (¢, z) with v(§, 7). By using
chain rule, one sees that d,v = O:v + 0,v and dyww = cOev + cO,v. Since these two identity
holds true for arbitrary v € C!, we simply write

Op = 0:+ 0y, 0Oy = O+ cO,.
In view of (2.4.2), we write
Oy — cOy = —2¢0,, O + cOp = 2c0:
and hence this change of coordinate transform (2.4.2) in the simple form
0,0:u = 0.

Then obviously the general solution is u(&,n) = f(£) + g(n) with f,¢g € C*(R). In terms of
original coordinate, we reach

(2.4.3) u(t,z) = f(x+ct) + gz —ct) forall (t,z) € R x R.
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Since there are two “unknowns” f and g in (2.4.3), to guarantee the existence and uniqueness
of solution of the PDE, one way is to impose the following initial conditions:

(2.4.4) u(0,2) = ¢(x), Owu(0,x) = (x),

for any given ¢ € C*(R) and ¢ € C'(R).
Choosing ¢ = 0 in (2.4.3) yields

¢(x) = f(x) + g(z),

and hence

(2.4.5a) ¢'(x) = f'(x) + g'(x).

On the other hand, we first differentiate (2.4.3) and then take ¢t = 0 to obtain
(2.4.5b) () =cf'(x) — g (x).

From (2.4.5a) and (2.4.5b), it is not difficult to see that (for later convenience, we replace x
by s)

F5) = 50(9) + 5005), 9() = 50/(5) = 5 0(s),

and thus integrating dx from 0 to y € R, we reach

F()~ 1(0) = 20y) — 20(0) + o [ (s) s,

2c Jy
o) = 9(0) = 500) = 5600) — 5 [ w(s)ds

Plugging these anzats into the general solution (2.4.3), by using the fact ¢(0) = f(0) + g(0)
we reach the d’Alembert formula:
x+ct

(2.4.6) ult,z) = % (Ola+at)+ola—c) 5 [ vlads

Until this point, we have showed that:

LEMMA. Let ¢ € C*(R) and ¢ € CY(R). Let u € C*(R x R) be a solution of the initial-
value problem of the 1-dimensional wave equation (2.4.1) and (2.4.4), then the solution must
takes the form (2.4.6).

If € C*(R) and ¢ € C'(R), one can directly verify that (2.4.6) solves the initial-value
problem of the 1-dimensional wave equation (2.4.1) and (2.4.4), which shows the existence
of the solution. Putting the above together, we now conclude that:

THEOREM 2.4.1 (d’Alembert). Let ¢ € C*(R) and ¢ € C*(R). Then the function (2.4.6)
is the unique C*-solution of the initial-value problem of the 1-dimensional wave equation

(2.4.1) and (2.4.4).

Tr—C

It is interesting to mention that, despite that the wave equation (2.4.1) involving
second order derivatives, and the initial condition (2.4.4) involving first order derivatives,
but the d’Alembert formula formula (2.4.6) is actually well-defined without diffrentiability
assumption. In fact, in many practical situation (see Exercise 2.4.2 and Exercise 2.4.3 below),
we usually do not expect the wave to be C2. We will introduce in next chapter that the notion
of weak solutions in terms of weak derivatives.
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EXERCISE 2.4.2 (The plucked string). The solution of the 1-dimensional wave equation
(2.4.1) can be used to approximate the pointwise displacement of the vibrating of an (infin-

itely) long string. The sound speed c¢ is given by ¢ = \/T'/p, where T is the tension of string
and p is the density of the string. Consider the string with initial position

b — Yzl for |z| < a,
¢<x>={ e ol

0 for |z| > a,

and initial velocity ¥ (z) = 0. This modeling the “three-finger” pluck, with all three fingers
removed at once. Note that ¢ € C°(R) but not differentiable at x = 0,4a. Compute the
solution u from the d’Alembert formula (2.4.6). [Hint: Consider the cases t < 2, ¢t = 2,
t> 17

EXERCISE 2.4.3 (The hammer blow). Let ¢(x) = 0 and

o) = {1 for |z| < a,

0 for |z| > a.

In this case, ¢ is not differentiable at * = +a. Compute the solution u from the d’Alembert
formula (2.4.6).

Let u be any C? solution of the 1-dimensional wave equation (2.4.1), such that

(2.4.7) supp (u(t,-)) :={z € R:u(t,z) # 0}

is compact for each ¢. In view of the d’Alembert’s formula (Theorem 2.4.1), this assumption
make sense. Recall that ¢ = \/T/p, where T is the tension of string and p is the density of
the string. In this case, the quantity

(2.4.8) E(t) == 1/00 (plowu(t, z)|* + T)0,u(t, )[*) dz

—00

is well-defined. We have the following lemma (which is far away from optimal).

LEMMA 2.4.4 (see e.g. [Str08, Appendix A.3|). Let f(t,x) and O.f(t,z) be continuous
functions in (c,d) x R. Assume that

—+o00
swp If(t, Mow = sup / F(ta)] da < oo,

te(e,d) te(e,d) J —oc0
+o0
sup || 0uf(t, )|l Ly = sup / |0 f(t,x)] dz < oo.
te(e,d) te(e,d) J —0
Then
+o00 +o0
8t( f(t,x) dx) :/ O f(t,x)dx.

SKETCH OF PROOF. For each t € (¢,d), one can find ¢ < ¢ < d < dsuch that t € (¢, d').
This is usual trick in real analysis since in general supremum/infimum cannot be achieved
for original large domain. For each 7 # 0 with t4+7 € (¢, d’), which can be achieved by small
|7], it is easy to see that

+0c0 400 400
%( i ft+7,2)de — f(t,x)dx) :/ 1(f(t+7‘,:1c)—f(zf,m)) dz.

[e.e] —00 OOT
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The idea is to take 7 — 0, which can be rigorously justify using the Lebesgue dominated
convergence theorem (Lemma 1.0.2), here we will skip the details. O

We differentiate (2.4.8) to obtain

B(t) = L /_ (00, (9t 2)P) + T, (19vult, 2)]?)) da

o0

-3 / (pOru(t, )0 u(t, x) + T0,0pu(t, ©)0zu(t, x)) dx

2 o
1 [ ) ,
- 5/ (/)atu(t,x)atu(t,m) — TOult, JJ)aIU(t,J:)) dxr =0,

where the last identity follows from the integration by parts on the variable x together with
the support condition (2.4.7). This means that F = constant, and we usually refer the
quantity E given in (2.4.8) the “energy” (in view of the energy conservation). Since

1 o
Ekinetic(t) = 5/ p|atU(t7$)|2 dx
is the kinetic energy of the wave particles, then its potential energy can be approximate by
1 (o)
Epotential(t) = 5/ T|8xu(t7x)‘2 dz.

This argument actually works in a fairly general framework, see e.g. [KK22, Appendix B].

2.4.2. 1-dimensional wave equation on the half-line (0,00). We now consider the
following initial-boundary value problem:

OPu(t, x) — 2*u(t,z) = 0 for all (t,z) € (0,00) x (0, 00),
(2.4.9) u(0,2) = ¢(x), Ow(0,x) =1(x) forall z € (0,00),
u(t,0) =0 for all t € (0,00),

for ¢ € C*((0,00)) and ¥ € C'((0,00)) with compatibility condition ¢(0) = ¢'(0) = ¢”(0) =
»(0) = 9'(0) = 0. Here we restrict ourselves when ¢ > 0, as the case t < 0 can be obtained
by the change of variable ¢t — —t. This modeling the vibrating (infinitely) long string with
one end fixed. We now consider the odd extensions of ¢ and v defined by

) o(x) for x >0, ) () for x > 0,
(2410 Posa() := {—Cb(—iﬂ) for z <0, Yoaa(@) = {—l/)(—x) for x <0,

equivalently, ¢oqq(x) = sign (z)¢(|z|) and similar formula holds for 1,q4. The compatibility
conditions guarantee that ¢oqq € C%(R) and 1),qq € C*(R), therefore the d’Alembert function
(2.4.6) given by

T+ct
(2.4.11) u(t, l’) = % (¢odd($ + Ct) + ¢odd($ — Ct)) + 2_0 /:E‘_Ct wodd(5> ds

is well-defined and satisfies (2.4.9), which completes the proof of ezistence result (we do not
show uniqueness).
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EXERCISE 2.4.5. Show that (2.4.11) can be written as

(t,z) = %(¢($+Ct)+¢($—ct —i—chﬁd (s)ds for z > ct,
Lplx +ct) — dlet — )+ £ [T (s)ds for 0 < < ct.

Similar as before, the function in Exercise 2.4.5 is well-defined without assuming the
differentiability of ¢ and 1), and even well-defined without the compatibility condition ¢(0) =
¥(0) = 0. One can easily check that lim,_,o, u(t,z) = 0 for all t > 0 (at least) when ¢ and
are continuous. Therefore the solution in Exercise 2.4.5 can be interpreted as a weak solution
of the initial-boundary value problem (2.4.9).

EXERCISE 2.4.6 (Neumann boundary condition). Find a solution of the initial-boundary
value problem

OPu(t, ) — O%u(t,z) =0 for all (t,z) € (0,00) x (0, 00),
uw(0,z) = ¢(x), Owu(0,z) =¢(x) forall x € (0,00),
Oyu(t,0) =0 for all ¢t € (0, 00),

for ¢ € C*((0,00)) and ¢ € C'((0,00)) with compatibility condition ¢(0) = ¢'(0) = ¢”(0) =
¥(0) =¢'(0) =

We now consider the following initial-boundary value problem:

OPu(t, ) — *u(t,x) =0 for all (t,z) € (0,00) x (0, 0),
(2.4.12) u(0,2) = ¢(x), Ow(0,x) =1(x) forall z € (0,00),
u(t,0) = h(t) for all t € (0, 00),
for ¢ € C%((0,00)) and ¢ € C1((0,00)) as well as h € C?((0,00)). By consider
O2v(t,z) — 20*v(t,z) =0 for all (t,z) € (0,00) x (0, 00),
v(0,2) = ¢(x), Ow(0,z) =¢(x) forall xz € (0,00),
v(t,0) =0 for all ¢ € (0, 00),

which was discussed above (which can be done without assuming the compatibility
conditions), we see that the w = u — v solves

O*w(t,x) — 2w(t,x) =0 for all (¢,x) € (0,00) x (0,0),
w(0,2) = dw(0,z) =0 for all z € (0, 00),
w(t,0) = h(t) for all t € (0, 00).

It remains to solve w. If we have the compatibility conditions h(0) = h'(0) = h"(0) = 0, one
sees that
w(t, ) = X{a<ey I (t — %)
is our desired C?%-solution. Hence we see that
u(t,x) == v(t, ) + X{a<eyh (t — E)

c

is a solution of (2.4.12). Again, the above expression is well-defined without the
differentiability of h, as well as the compatibility conditions. This again induces a weak
solution of (2.4.12).
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EXERCISE 2.4.7. Find a weak solution of the initial-boundary value problem
O?u(t, z) — cu(t,z) = 0 for all (¢,z) € (0,00) x (0, 00),
uw(0,2) =0, Qu(0,z) =V forall z € (0,00),
Ou(t,0) + ad,u(t,0) =0 for all ¢t € (0, 00),
where V. a, ¢ are positive constants with a > c.

2.4.3. 1-dimensional wave equation on the finite interval (0, L). We now consider
the following initial-boundary value problem:

O2u(t,x) — 20%u(t,x) =0 for all (¢,z) € (0,00) x (0, L),
(2.4.13) u(0,z) = ¢(x), Owu(0,z) =¢(x) forall xz € (0,L),
u(t,0) =u(t,L) =0 for all t € (0, 00),

for ¢ € C?((0,00)) and ¥ € C'((0,00)) with compatibility conditions
¢(0) = ¢'(0) = ¢"(0) = ¥(0) = ¥'(0) =0,
B(L) = /(L) = ¢"(L) = (L) = /(L) = 0.
In this case, we consider the odd and periodic extension of ¢ as follows:
o(z) for 0 <z < L,
Gext () = § —P(—x) for —L <2<0,
Gext(r +2kL) for all z € R and k € Z,

and similar extension 1. of ¢ also defined.

EXERCISE 2.4.8. Show that ¢ext () = ¢oaa(z —2L|x/2L]) and

Pext (1) = ¢(z — |=/L)L) if |x/L] is even,
N —¢(x — |z/L|L — L) if [z/L] is odd.

Of course, similar formula holds for .

The compatibility conditions guarantee that ¢,qq € C*(R) and ¥qq € C*(R), therefore
the d’Alembert function (2.4.6) given by

1 1 x+ct
(2.4.14) u(t,2) 2= 5 (Gosa( )+ dosa(z = ) + o / Ve (5) ds

2¢ —ct

is well-defined and satisfies (2.4.13), which completes the proof of existence result. Similarly,
one can consider the weak solution without assuming the differentiability of ¢ and ), as well
as the compatibility conditions. The solution can be written down explicitly [Str08|, and
hence we will not going to elaborate these computations here. In fact, the (weak) solution
of the initial-boundary value problem (2.4.13) is unique. We will explain this in the next
chapter.

EXERCISE 2.4.9 (Neumann boundary condition). Find a solution of the initial-boundary
value problem
OPu(t,z) — O*u(t,r) =0 for all (¢,z) € (0,00) x (0, L),
uw(0,z) = ¢(x), Owu(0,z) =¢(xz) forall x € (0,L),
Oyu(t,0) = Opu(t,L) =0 for all t € (0, 00),
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for ¢ € C%((0,00)) and ¢ € C'((0,00)) with compatibility conditions
¢(0) = ¢'(0) = ¢"(0) = ¥(0) = ¥'(0) =0,
¢(L) = ¢'(L) = ¢"(L) = ¢ (L) =4'(L) = 0.
Verify the conditions explicitly.

EXERCISE 2.4.10. Find a solution of the initial-boundary value problem

OPu(t,z) — O*u(t,r) =0 for all (¢,2) € (0,00) x (0, L),
uw(0,z) = ¢(x), Owu(0,z) =¢(xz) forall x € (0,L),
u(t,0) =0, Jyu(t,L)=0 for all ¢ € (0, 00),

for ¢ € C?((0,00)) and ¥ € C'((0,00)) with compatibility conditions

$(0) = ¢'(0) = ¢"(0) = ¥(0) = ¥'(0) =0,
¢(L) = ¢'(L) = ¢"(L) = (L) = /(L) = 0.
Verify the conditions explicitly.

2.4.4. 1-dimensional wave with an external source: Duhamel’s principle. We
now solve

(2.4.15) {afu(t’ ) — EPRult,x) = f(t,x)  for (t,x) € (0,00) x R,

u(0,2) = ¢(x), Ow(0,2) =1p(x) forz e R,

where f € C'(R?), ¢ € C*(R) and ¢ € C*(R). Let v be a C?-solution of the homogeneous
problem

Ov(t,xz) — Av(t,z) =0 for (t,x) € (0,00) x R,

U(O,I) = (b(l'), @v((), .I') = 2/)(1') for z € R?

then we see that the function w := u — v satisfies

{wwuwy—gxw@@):f@x)f@(uweaxm)xR

2.4.16
( ) w(0,z) = dw(0,2) =0 for x € R.

The remaining task is to find a C?-solution w.

There are several ways to compute w. Here we will use Duhamel’s principle to reduce the
inhomogeneous initial-value problem (2.4.16) into a homogeneous one. The reason we exhibit
this idea since it can be easily extended for higher order hyperbolic equations with constant
coefficients. To clarify the ideas, here we only consider wave equation, see [Joh78| for more
details.

For each auxiliary parameter 7 > 0, we consider the homogeneous initial-value problem

PW (t,x;7) — EPW (t,z;7) =0 for all t > 7 and z € R,
Wi(r,z,;7)=0, OW(r,z;7)= f(r,z) forall z€R.

Then we can solve the above equation via d’Alembert formula (2.4.6):

T4c(t—T)

W@aﬂ:%/ F(r.5) ds.

—c(t—7)
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We now define

w(t,z) = /Ot W(t, 2 7) dr.

One can check that (the interchangability of integral and J; need to be justified)

Oyw(t,z) = txt /&g t:chT—/ﬁt (t,z;7)d

—cszBQWt:ET dr
— f(t0) .

Ofw(t,z) = O,W (¢, x;t) + 82 W (t, = 202
A T; x;7)dr = f(t,x) + c“Ow(t, x),

z+ct T
w(t, ) // f(r,s)dsdr
20 r— ct 7'

is a solution of the inhomogeneous problem (2.4.16). Therefore, we found a C?-solution of
the inhomogeneous problem (2.4.15) given by the d’Alembert formula.

which means that

(gzﬁ(achct)—l—(/ﬁ(x—ct))—i-i o ds—i——//HC - f(r,s)dsdr.

2c x—ct c(t—T)

NO| —

u(t,z) =

By considering the method of extensions, one also can solve the problem on half-space (0, 00)
as well as on the finite interval (0, L).

2.4.5. n-dimensional wave equation in space time. We now consider the n-
dimensional Laplace operator A = 97 4+ 93 + - - - + 02 in spatial variables. We are looking for
an (explicit) solution of

{agu(t, z) — Au(t,z) =0 for (t,z) € (0, 00) x R",

(2.4.17) u(0, ) = d(xz), Ou(0,x) =(x) for x € R",

where ¢ € C*(R") and ¢» € C*(R") (here we impose slightly higher regularity than the
one-dimensional case).

EXERCISE 2.4.11 (Conservation of energy). Assume some suitable support conditions,
define an energy functional for the n-dimensional wave equation 9?u — cAu = 0 in R",
similar to (2.4.8), and show that such energy is conservative.

For each h € C?(R"), we define an auxiliary function

1
2.4.18) My (z,7) = / h(y)dsS, forall r >0,
( OB, @) Sy
where 57"~ is the Hausdorff measure. By using a simple change of variable, one sees that
1
(2.4.19) My(x,r) = — / h(x+rz)dz,
Sn 1

where §"7! := 0B;(0) and w,, := " }(S"!). Tt is important to notice that (2.4.19) is
well-defined for all € R, and it is even with respect to r, i.e. My(x,r) = My(x,—r) for all
r e R.
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In this case, " 1 (OB, (x)) is just simply the surface area of dB,(x), and its formula is
given by
A0, (@) = 2t
r\L)) = r )
[(n/2)
where I' is the usual gamma function. By dominated convergence theorem (Lemma 1.0.2),
one sees that the differential operator is commute with the integral, and we see that M), €
C?(R™1). In particular, we compute that

1
O My(x,r) = — O (h(x +rz)) dz
wn Sn—l
1
= — VI(Y)|y—pirz - 2d2  (chain rule)
wn Sn—1
1
= — 2- V. (h _. dz
o S z (h(x +1rz))|,_; dz
Then using divergence theorem, we further compute that?
1
Oy My (x, 1) = — A, (h(x+rz)) dz (divergence theorem)
wnT B1(0)
r

= Agzh(x +rz)dz (chain rule)
Wn J B1(0)

= LAm (/ h(z +rz) dz)
Wn B1(0)

Therefore, we reach

O, (T”_I&Mh(a:,r)) = A,0, (/ "My, (2, p) dp) = A" My (z, 7).
0

Hence we reach the Darbouz’s equation:
(2.4.20) r' "0, (r" 0, My (7)) = Ag My (, 1),
with “initial” conditions

(2.4.21a) My(x,0) = h(x) (by definition of M}, and mean value theorem)

uniformly bounded
—N—
(2.4.21D) 0, My (z,7)|,_y = — Noh(z +72) dz| =0
Wn JB1(0)
r—0

ZPolar coordinate is a very particular case of coarea formula [Cha06].
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EXERCISE 2.4.12. Suppose that g € C? is radially symmetric, i.e. g(y) = g(r) with
r = |y|. Show that

—1
Ayg =170, (1" 10,9) = 029 + nTarg-

We now choose h = u(t, ) and we write
1 N
M,(t,x,7) = Myq. (2, 7) = —/ u(t,x +rz)dz.
wn Sn—1
From (2.4.21a), we have
M, (t,x,0) = u(t, ).
On the other hand, by using dominated convergence theorem (Lemma 1.0.2), one can verify

that

1
Ag M, (t,x,r) = —/ Agu(t,z +rz)dz
Sn—1

Wn,

1,1 1,
= gat o Jons u(t,x+rz)dz = gat M, (t,z,r).

Hence from Darboux’s equation (2.4.20), we reach the Euler-Poisson-Darboux equation:

n—1
r

1
(2.4.22) — O M, (t,,r) = OFM,(t, 2, 1) + 0. M,(t,z,r).

c
Unlike the Darboux’s equation (2.4.20), now the Euler-Poisson-Darboux equation (2.4.22)
does not involve any derivaties on @. Therefore we can refer & € R" simply as a parameter
here, and (2.4.22) is just a simple PDE involving only two variables (one time variable ¢ and
one spatial variable r).

In the particular case when n = 3, the computations are extremely easy: We multiply
cr on (2.4.22) to obtain

O} (rMy(t,®,r)) = & (ro?M,(t, @, r) + 20,M,(t, @, 7)) = 07 (rM,(t, z,7)),

this means that, for each parameter & € R3, (t,r) — rM,(t, x, r) satisfies the 1-dimensional
wave equation. From (2.4.17), the initial conditions can be verified as well:

rM,(0,2,7) = rMyq,)(x,7) = rMg(x,7),
9y (TMU(t’ T, 7n))‘t:o = rMat“(Of)(w’ T) = er(w> T)v

where the dominated convergence theorem (Lemma 1.0.2) involved in second identity.
Therefore the d’Alembert formula (2.4.6) gives

1
rM,(t,x,r) = 5 ((r+ct)My(t,x,r + ct) + (r — ct) My(t, x,r — ct))
1 r+ct
+ % sMy(z,s)ds.

r—ct



2.4. WAVE EQUATION 24

Since My(z,-) and My(x, ) are both even for each fixed € R?, then one sees that

Mu(t,.’B,T’)
1 ct+r 1
=5 sMy(x,s)ds + > ((ct +r)My(t,x, ct + 1) — (ct —r)My(t,x, ct — 1))
Cr Jet—r r
1 ct+r ™M, t,m,T o — (M. t,iB,T _
= E][ SM¢(CB7 S) ds + ( ¢< ))|T_Ct+T 5 ( ¢( ))|T—ct—r .
ct—r

Note that the first term is simply the difference quotient for differentiation, while the second
term is the mean value term. Therefore, by letting » — 0, we reach

1
u(t, @) = — TMy(t,z,7)|__, + Or (TMy(t,x, 7))
c

‘T:Ct

=tMy(t,x,ct) + 0 (tMy(t, z, ct))
t t
= %2(8Bct($)) /133¢t(w) ¢(y) dSy + 0 <tm /cht(m) (b(y) dSy>

1 1
2.4.2 = —
iz = [ vwas, o (g [ swas,)
because F%(0B.(x)) = 4m(ct)?. By using (2.4.19), we also can write (2.4.23a) as
u(t,x) = tMy(t, z, ct) + 0 (tMy(t, x, ct))
(2.4.23b) _ L[ p@raz)dz o, (i 8@ + ct2) dﬁ) |

wn Sn—1 wn Sn—1

The solution (2.4.23a)., or equivalently (2.4.23b), is called the Kirchhoff’s formula. We now
reach the following lemma.

LEMMA (Uniqueness). Let n = 3, and let u € C*(R®) be a solution of the initial-value
problem (2.4.17). Then u must in the Kirchhoff’s formula (2.4.23a), or equivalently (2.4.23b).

On the other hand, by assuming higher regularity initial conditions ¢» € C?(R*) and
¢ € C3(R?), the dominated convergence theorem (Lemma 1.0.2) guarantees that u € C%(R?)
and it satisfies (2.4.17) with n = 3. Therefore we conclude the following theorem:

THEOREM 2.4.13. Let n = 3, and let v € C*(R?) and ¢ € C*(R*). Then the function
u given by the Kirchhoff’s formula (2.4.23a), or equivalently (2.4.23b), is the unique C*-
solution of the initial-value problem (2.4.17).

REMARK. The above theorem do not guarantee the initial data of C%-solution u of the
3-dimensional wave equation 9u(t, ) — Au(t,z) = 0 in R® must satisfies u(0,-) € C*(R?)
and 9,u(0,-) € C*(R3).

Again, (2.4.23a), or equivalently (2.4.23b), defines a weak solution of the initial-value
problem, since they are well-defined for ¢ € CY(R?) and ¢ € C'(R?).

EXERCISE 2.4.14 (Inhomogeneous 3D wave equation). Let f € C?((0,00) x R3), ¢ €
C?*(R?) and ¢ € C3*(R3). Find the unique C%-solution of the following initial-value problem:

Pu(t,x) — Au(t,x) = f(t,x) for (t,z) € (0,00) x R3,
u(0,x) = ¢(x), Ou(0,x) =p(x) for x € R3,

using Duhamel principle (Section 2.4.4).
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We now consider the case when n = 2. In this case, rather directly compute the solution
from the Euler-Poisson-Darboux equation (2.4.22), it is more easy to compute the solution
from the the Kirchhoff’s formula (2.4.23a), or equivalently (2.4.23b). This method is called
the Hadamard’s method of descent. Suppose that u is a solution of (2.4.17) with n = 2:

OPu(t,x) — Au(t,z) =0 for (t,z) € (0,00) x R?

u(0,2) = (x), Ou(0,x) = ¥(x) forw e R,
with ¢ € C*(R?) and ¢ € C*(R?). We now introduce an artificial parameter 3, and write
T = (x,23) = (71,22, 73). Accordingly, we consider the extended operator A = A + 92 =
0% + 03 + 03, and such u satisfies

OPu(t, ) — Au(t,z) =0 for (t,x) € (0,00) x R3,

u(0,%) = (x), Ou(0,&) = Y(x) forz € RS,

therefore the unique C*-solution is given by the Kirchhoff’s formula (2.4.23a):
1 1
wee) = [ wwasieo ([ s@as)
ATt Jig— (@ 0)=ct T\t g (o.0))-at !
1 1
(2.4.24) _ / Wy)dS, + ( / o(y) dS~) |
ATt Jig—(o,0)1=et T\t S ) ’

In order to simplify the above expression, we need the following well-known fact:

LEMMA 2.4.15 (Surface integral). Let S be a surface in R3, which can be parameterized
as

r(s1,52) = (r1(s1, 82),r2(s1, $2), 73(51, $2))

where 11,719,173 € CY(Q) for some Jordan-measurable open set  C R%. Then one has

/Qb dS —/¢ 51,82 (81752)(1(51,82)

where the volume form V' is given by

V(Sl,SQ) = \/ 911922 — 9%2 = |3sl”’(81, 82) X 3527“(51, 82)|

where gi; = 05,7 (51, 82) - Os;7(51, 52) ford,j € {1,2}.

REMARK 2.4.16. In fact, g;; are the coefficients of the first fundamental form. If we
choose 11(81, s2) = 1, T2(s1, S2) = $2 and r3(s1, s2) = f(s1, s2), we compute that

5317”‘(81, 32) = (17 0, aﬁf(slv 32))7 0527"(81, 32) = (07 1, aSQf(Sl’ 32))7
and thus
gun =1+ |851f(817 82)|2, g2 =1+ |332f(817 82)’27 gi2 = 3slf(51, 82)352f(51, 82)-
Therefore the volume form is given by
V(Sla 82) = \/]- + |881f(817 82>|2 + |882f($1a 32)|2‘

We now continue simplify (2.4.24). We now split the sphere {g € R®: |g — (z,0)| = ct}
into two halfs, each can be parametrized as

fr(y1,90) = i\/CQt2 —ly—x*>= i\/02752 — (y1 — 1) — (y2 — x2)2.
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We compute

_ Y1 — 21
O fe(yr,y2) = ¢\/02t2 v w‘2>

thus the volume form is given by

(1 — 1)? (y2 — 12)?
V. =4/1
- (y1,92) \/ +02t2—|y—ac|2 +02t2—|y—m|2

- Yo — X2
VP Ty —aP

32fi(351>332) =

B c2t? B ct
At —ly—z> /20— [y ]
therefore (2.4.24) becomes
(2.4.25)

1 b(y) L oY)
t,x) = — dy+0; | — dy | .
uh) ZWC/@M Var—fy—aP ' \2me )y aca JEP g —aP

It is interesting to compact the 3D-wave (2.4.23a) and 2D-wave equation (2.4.25).

(1) 3D wave. In order to compute the value u(t, 21, o, x3), we used the values

{ @, v29), 001,10, 19)) - v/l — 02+ (2 — 22 + s — ) = et}
In other words, the domain of dependence of 3D wave is on the cone

Vi —21)? + (y2 — 22)% + (y3 — 23)? = ct,

this is called the Huygen’s principle.
(2) 2D wave. In order to compute the value wu(t, z1, x2), we used the values

{<w<y1, Y2), O(y1,42)) : V(g1 — 21)2 + (2 — 22)% < ct} .

In other words, the domain of dependence of 2D wave is in the cone

Vg — 212+ (y2 — 22)? < ot
and thus the Huygen’s principle fails.

EXERCISE 2.4.17 (Inhomogeneous 2D wave equation). Let f € C?((0,00) x R?), ¢ €
C?(R?) and ¢ € C*(R?). Find the unique C*-solution of the following initial-value problem:

DPu(t,x) — Au(t,z) = f(t,x) for (t,x) € (0,00) x R?,
u(0, @) = 8(z), Byu(0,x) = ¥(z) for z € R,
using Duhamel principle (Section 2.4.4).

EXERCISE 2.4.18 (5D wave equation, [Joh78, pages 109-110]). Consider the initial-value
problem (2.4.17) with n = 5. Let M,(¢,z,r) given in (2.4.19), which satisfies the Darboux
equation (2.4.20), set

N.(t,x,r) = 7’287«Mu(t, x,r) + 3rM,(t,x,r).

(a) Show that N,(t,x,r) is a solution of 9?N, = *9?N,, and find N, from its initial
data in terms of My(x,r) and M,(z,r).
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(b) Show that

N,
u(t,z) = lim —“(g’ z7)
r— r

= (%tQ&t + t) Mg(Cta :I:) + 0 (%t28t + t) Mf(Ct’ :I:)

EXERCISE 2.4.19 (4D wave equation, [Joh78, page 112]). Solve the initial-value problem
(2.4.17) with n = 4. [Hint: Hadamard’s method of descent|

REMARK 2.4.20. In fact, the Huygen’s principle holds true for all odd dimension wave
equations, but fails for all even dimension wave equations.



CHAPTER 3

Partial differential equation in weak sense

3.1. Weak derivatives and distribution derivatives

In practical application, we should expect there are singularities in solution, for example:

(1) the general solution of transport equation (2.2.3), which in general need not to be
ol

(2) the general solution of 1D wave equation, i.e. d’Alembert formula (2.4.6), which in
general need not to be C?;

(3) the general solution of 3D wave equation, i.e. Kirchhoff’s formula (2.4.23a), which
in general need not to be C2.

One “simplest” way to interpret “weak solutions” is directly write down the explicit solution.
However, this idea is difficult in general. Therefore we need some systematic way to interpret
the “weak solutions”.

We first recall some materials from my previous lecture notes on Fourier analysis
course [Kow22|. Let Q be any open set in R". By using integration by parts formula
(Corollary 1.0.19), one has

/(ajf)gpd:v = —/ fojpdx  for all f,o € CH(Q),
Q Q

where C¥(Q) is given in (1.0.5). In fact, we have:

EXERCISE 3.1.1. Show that
/(8°‘f)<pda: = (1)l / fo*pda  for all p € C(Q)
Q Q

for all multi-indices «.

Therefore, it is quite natural to consider the following definition (and we can interpret
the PDE using the following weak derivatives):

DEFINITION 3.1.2 (Weak derivatives). We define the locally-L' space by

Ll

loc

(Q) = {f defined on Q : || f||11(x) := / |f(x)|de < oo for all compact set K C Q} :
K

A function g € L{ (Q) (if exists) is called a weak derivative of f € Li (Q) (of order a) if

loc loc

/gcpda: = (1)l / fo%pdax for all p € C°(9).
) Q
and we often denote g as 0°f.

The well-definedness of the weak derivatives (i.e. each function g € L () produced

loc
from f € L} () must be unique) is guaranteed by the following lemma:

28
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LEMMA 3.1.3 (Uniqueness of weak derivatives [Mit18, Theorem 1.3]). If g € L ()
satisfying g = 0 in Q in distribution sense, i.e.

/ggodwzo for all p € C°(Q),
Q
then g =0 a.e. in €.

REMARK 3.1.4. The converse of Lemma 3.1.3 is trivial. Here and after, we shall omit the
notation “a.e.” if there is no any ambiguity. The above lemma only guarantee uniqueness,
but not existence.

We now give a first example of weak derivatives.

ExXAMPLE 3.1.5. We consider the Heaviside function

1 forallz >0
311 Hz) = )
(3.1.1) (z) {o for all z < 0.

It is easy to see that H € Li (R). We define

x forall z > 0,

0 forall z<O.

One can verify that

- [ @@t == [Tada) s = —aptoi + [ ote)an= [

which shows that the Heav151de function (3.1.1) is the weak derivative of f (of order 1), and
we simply denote f' =

However, not all Llloc(Q) function admits weak derivatives:

ExXAMPLE 3.1.6. We now show that the weak derivative of the Heaviside function H given
in (3.1.1) of order 1 does not exist. Suppose the contrary, that H has a weak derivative of
order 1, says g € L} _(R). By Definition 3.1.2, we see that

a1 [ e = [ HE@@d = - [T = p(0)

for all p € C*°(R). Hence we know that

/ g(@)p(@)de =0 for all o € C=(R\ {0}).
By using Lemma 3.1.3 with R \ {0}, we conclude that g = 0 a.e. in R, and from (3.1.2) we
have ¢(0) = 0 for all ¢ € C°(R), which is an obvious contradiction.

Since the weak derivatives may not exist, it is much more convenient to consider a
generalization the weak derivatives, called the distribution derivatives. In order to do so,
we need to explain what is a distribution (or generalized functions). Here we just give an
introductory briefing, see e.g. my lecture note [Kow22| for more details. Fixing any compact
set K in R"™, we denote

Ik ={p € C*(R") : supp (p) C K}.
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DEFINITION 3.1.7. Given a vector space X over a subfield F' of the complex numbers C,
a norm on X is a function || - || : X — R with the following properties:

(1) Positive definiteness. ||z| > 0 for all z € X and ||z|| =0 iff z = 0;
(2) Absolute homogeneity. ||sx| = |s|||z| for all z € X and scalars s € F’; and
(3) Subadditivity /Triangle inequality. ||z + y| < ||z|| + ||y| for all z,y € X.

In this case, we call the pair (X, || - ||) the normed space. If a sequence {x,},en C X satisfies
the following: Given any € > 0, there exists ny € N such that ||z, —x,,|| < € for all n,m > ng,
then we call such sequence {z,} a Cauchy sequence. If each Cauchy sequence converges in
X (i.e. for each Cauchy sequence {z,} C X there exists x € X such that ||z, — z| — 0 as
n — 00), then we say that the normed space (X, || - ||) is complete or Banach.

For each fixed N € Zxy, it is easy to see that

el = Y 1107l i)

la|<N

is a norm defined on Zx. However, the normed space (%, || - | v k) is not complete, since
the norm does not involve derivatives of order > N. We can further generalize the notion
“norm” in the following definition:

DEFINITION 3.1.8. Given a set M, a metric is a function d : M x M — R with the
following properties:

(1) Positive definiteness. d(z,y) > 0 for all x,y € M and d(z,y) =0 iff z = y;

(2) Symmetry. d(z,y) = d(y,z) for all x,y € M; and

(3) Subadditivity /Triangle inequality. d(x, z) < d(z,y)+d(y, z) for all z,y,z € M.
In this case, we call the pair (M, d) the metric space. If a sequence {x,},en C M satisfies
the following: Given any € > 0, there exists ng € N such that d(x,,, z,,) < € for all n,m € ny,
then we call such sequence {x,} a Cauchy sequence. If each Cauchy sequence converges in
M (i.e. for each Cauchy sequence {x,} C M there exists x € M such that d(z,,z) — 0 as
n — 00), then we say that the metric space (M, d) is complete or Fréchet.

EXERCISE 3.1.9. Show that each normed space (X, | - ||) is also a metric space.

LEMMA 3.1.10. 9k s Fréchet equipped with the metric

e}

~n lle—9lnk
3.1.3 do, (0, 0) =Y 27V A
(313) 7o) = 2 T T

REMARK 3.1.11. Since P is a (Grothedieck) nuclear space, then it is not possible to
find a norm which is complete. In other words, if we equipped Zx by any norm || - ||, then
(Zk.| - ||) cannot be Banach.

EXERCISE 3.1.12. Verify that dg, (¢,1) is a metric.

Let €2 C R™ be an open set. We now define the set of test functions by

200)= | o

KCQ compact
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If we view 2(Q) as a set, then it is easy to see that Z(Q) = C(Q) given in (1.0.5). Of
course, one can equipped Z(f2) by the metric

(0.9]

dc , — 27]\/' ||<10_¢||N79 ’ — aa - )
j(Q)(SD ¢) NZ::O 1+||¢_w”N,Q H%OHN,Q |§N|| (PHL ()

However, unlike Lemma 3.1.10, (Z(£2),dgq)) is not complete, see the following exercise:

EXERCISE 3.1.13. Take n = 1 and Q = R. Let ¢ € Z(R) with supp (¢) C [0,1] and ¢ > 0
in (0,1). Define

(@) = bz —1) + %gb(a: )bt %qb(x —_m).

Show that {v,,} is a Cauchy sequence in (Z(R),dgr)), but the limit lim,,_, ¢, (z) does
not have compact support.

We now introduce the following general notion:

DEFINITION 3.1.14. Given a set X, a topology 7 is a collection of subsets of X with the
following properties:
(1) 0, X €
(2) Any union of elements of 7 is also an element of 7; and
(3) Any finite intersection of elements of 7 is also an element of 7.

If 7 is a topology on X, then the pair (X, 7) is called a topology space. Each element in 7 is
called an open set of X (with respect to 7).

We usually equip Z2(2) by another (locally convex) topology 7 in which “Cauchy sequence”
do converge, i.e. “complete”. Here we will not go through these definitions as well as technical
details, here we refer to [Rud91, Chapter 6] or [Mit18, Appendix 14.1] for details.

DEFINITION 3.1.15. We refer the linear mapping 7" : (2(Q2),7) — (R,| - |) as the linear
functional on (2(R2), 7). Let D be an open set in R, we define the preimage by

T-YD) = {f € 2(Q) : T(f) € D}.

We called such linear functional T is continuous (with respect to 7) if T~1(D) € 7 for each
open set D. The set of continuous linear functionals on (Z(Q2), 7) is denoted by 2'(Q2) and
its elements are called distributions on (.

The following lemma, which is a special case of [Rud91, Chapter 6| or [Mit18, Appen-
dix 14.6|, gives equivalent characterization of continuity of linear functionals on Z(f2):

LEMMA 3.1.16. Let T be a linear functional on (2(2),7), then the following are
equivalent:
(1) T is continuous with respect to T;
(2) im;_,o T'(¢;) = 0 whenever ¢; — 0 in (2(Q2),7);
(3) T|g, is continuous for each compact set K C 2 with respect to the metric di given
in (3.1.3).

For simplicity, we usually denote Z(€2), or even C'°(£), to represent the topological space
(2(Q),7), as we will not focus on its topological aspect in this lecture note.
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EXAMPLE 3.1.17. Each element f € L{ .(Q2) can be identify with 7 € 2'(Q) defined by

Te(p) = f(x)p(x)dx for all ¢ € C(Q)

Rn
with the estimate

|T¢(p \</|f |dm<]|gp||Loo /|f )| de for all p € Y.

for all compact subset K C €. Therefore one can simply write L () C 2'().

EXAMPLE 3.1.18 (Dirac measure). Fix a point &y € € and one can verify that the linear
functional

T(p) == p(xo)
is indeed continuous, i.e. T € 2'(2). We usually denote such distribution 7 by 0.
However, 0z, ¢ L (Q) if we consider the identification given in Example (3.1.17): Suppose
the contrary, there exists f € Li ) such that

loc

o(x0) = 0z (¢ / f(x)p(x)dx for all p € C°(Q).

If we choose ¢ € C°(Q2\ {zo}), then we conclude that f = 0 a.e. in , which is immediately
a contradiction.

In view of Definition 3.1.2 and Example 3.1.17, we now able to define the distirbution
derivatives:

DEFINITION 3.1.19. For any T' € 2'(12), the distribution derivative 0T € 2'(Q2) of T is
defined by
(0°T) () := (=)l T (%) for all p € 2(Q).

Unlike weak derivatives (Definition 3.1.2), distribution derivative always exist.

EXAMPLE 3.1.20. Let H be the Heaviside function given in (3.1.1). Since H € L{ .(R),
then we can identify it with the distribution Ty as in Example 3.1.17. By definition, one sees
that its distributional derivative of order 1, here we denoted by T}, is given by

Ti(e) = ~Tule) = - [ H@ @ =— [ ¢la)do = ¢(0) = ao(s)
R7 0

for all ¢ € C°(R™), which means that ¢, is its distributional derivative. It is interesting to
compare this with Example 3.1.6, which shows that the weak derivative of H does not exist.

From now on, we will denote 0“ the distribution derivative without explicitly
mentioning. In addition, we will use the term “derivative”, “differentiation”
without mention “distribution sense” explicitly.

EXERCISE 3.1.21. Prove that for every ¢ € R one has
(e~ = —ce " H(z) + ce®H(—z) in 2'(R).
EXERCISE 3.1.22. Let f : R — R be defined by

_ Jzlnjz| -2z forz #0,
f(2) = {0 for x = 0.

Prove that f is a continuous function and compute its distributional derivative f’.
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3.2. Definition and elementary properties of the Sobolev spaces
We first recall the following definition, which appeared in Theorem 3.2.8 above:

DEFINITION 3.2.1. Let €2 C R™ be an open set and let p € R with 1 < p < oco. For each
m € N, we define the Sobolev spaces

WmP(Q) = {u e LP(Q) : 0% € LP(Q) for all a with |a] < m}.

In fact, W™P(Q) is a normed space with respect to the norm || - ||ym»(q) given by
»
lullwese = | 32 107l | for1<p < oo,
la]<m

la|<m

The elements in W™P(Q) also called the Sobolev functions.

LEMMA 3.2.2 (JAHO09, Theorem 7.2.3|). Let 1 < p < oo, let m € N and let Q be an open
set in R™. Then the Sobolev space W™P(Q)) is Banach.

Similar to LP-functions, Sobolev functions also can be approximated by smooth functions.

LEMMA 3.2.3 (JAHO09, Theorem 7.3.1]). Let Q be an open set in R, let 1 < p < oo and
let m € N. Given any f € W™P(Q), there exists a sequence {fi}ren in C(Q) N W™P(()
such that

fo— fin W™P(Q), that is, klg]go | fr = fllwmr@ = 0.

Note that in this lemma, the approximation functions { f} are smooth only in the interior
of €. To have the smoothness up to the boundary of the approximation sequence, we need
to make a smoothness assumption on the boundary 0€2. For each k € NU {oo}, we define

C*() == {flg: f € C*(U) for some open set U D Q} .

LEMMA 3.2.4 (JAHO9, Theorem 7.3.2|). Let 2 be a bounded Lipschitz domain in R", let
1 <p< oo andlet m € N. Given any f € W™P(Q), there ezists a sequence { fi}ren in

C>(Q2) such that
fo— [ in W™P(Q), that is, klirn | fr = fllwme@ = 0.
—00

Before introducing the Sobolev embeddings, we first introducing the following concept:

DEFINITION 3.2.5. Let X and Y be two Banach spaces. We say that the space X is
continuous embedded in Y if

(3.2.1) lully <c|lv]jx forallve X.

We say that the space X is compactly embedded in Y if (3.2.1) holds and each bounded
sequence in X has a convergent subsequence in Y.

Many authors (including myself) simply denote X C Y if the Banach space X is
continuous embedded in another Banach space Y, despite that X is not necessarily a subset
of Y. We will also denote X € Y if X is compactly embedded in Y. Here and after (including
the next theorem), we will use these notations without mentioning explicitly. Let |z | denotes
the integer part of x, and we have the following theorem:
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THEOREM 3.2.6 (Sobolev embedding theorems [AHO09, Theorem 7.3.7 and
Theorem 7.3.8]). Let Q be a bounded Lipschitz domain in R™. Then the following statements
are valid:

(a) If k < 2, then WHhP(Q) € LU(Q) for any ¢ < p* and WHP(Q) C LI(Q) when q < p*,
where z% = % — %
(b) If k=12, then WkP(Q) € LI(Q) for any q < cc.
(c) If k> %, then

whr(Q) e C LI Q) for all B e {o, EJ +1— %)

2] +1-2 y2¢z
any positive number < 1 Zf% e.

WhEe(Q) c CFLITYQ)  with B = {

REMARK 3.2.7. Theorem 3.2.6 is also valid for W*?-spaces with k € R, see e.g. |[AHO09,
McLO0O0] for precise definitions. Here we will cover these topics in this lecture note. Part (c)
of Theorem 3.2.6 in particular gives some sufficient condition in terms of weak derivatives to
guarantee the well-definedness of the strong/classical derivatives.

In fact, the integration by parts also holds true for weak derivatives (which generalized
Corollary 1.0.19):

THEOREM 3.2.8 (Integration by parts [EG15, Theorem 1 in Section 4.3]). Let § be a
bounded Lipschitz domain in R™ and given 1 < p < oco. The mapping

(3.2.2) Tr: C™(Q) — C*(0Q), Tr(f) = flyq

can be uniquely extended to a bounded surjective linear operator WiP(Q) — Tr (W1P(Q)) C
LP(9Q)). Furthermore, for all ¢ € (C*(R™))" and f € W'P(Q), we have

(3.2.3) /Qfdiv<<p)dw:_/gvf.¢dx+/m@,@mf)d%m1’

where v is the unit outer normal to Of).

REMARK 3.2.9. Here we refer the advance monograph [EG15] for the precise meaning of
v, which is well-defined for " -a.e. on 0f2. The function Tr(f) given in (3.2.2) is called
the trace of f on 0. We usually still denote ds#"! by dS,. If there is no ambituity, we
sometime omit the notation the trace operator (3.2.2) and simply write (3.2.3) as

/fdiv(go)da: = —/Vf-cpdw—l—/ (v-p)fdS,.
Q Q o0

We finally end this section by giving some remarks on convolution. The following lemma
exhibit the (strong) differentiability of convolution:

LEMMA 3.2.10 (|[Brell, Proposition 4.20]). Let g € LL.(R") and let f € C™(R") for
some integer m € Z>o. Then f*g € C™(R™) and

Ofxg)=(0f)*g for all multiindices o with |a| < m.
The following lemma exhibits the (weak) differentiability of convolution:

LEMMA 3.2.11 (|Brell, Lemma 9.1]). Let p € L'(R") and let v € W™P(R™) with 1 <
p < oo and m € N. Then

pxv € WM™P(R™) and 0%(px*xv)=px0% for all a with |a| < m.
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3.3. Hilbert spaces
We begin this section by introducing the following definition:

DEFINITION 3.3.1. Let H be a vector space. We say that a mapping (-,-) : H x H - R
is a bilinear form if
(+,u) is linear for each fixed u € H,
(v,-) is linear for each fixed v € H.

A scalar product or inner product is a bilinear form (-,-) : H x H — R such that

(1) Positive definiteness. (u,u) > 0 for all w € H and (u,u) = 0 iff u = 0;
(2) Symmetry. (u,v) = (v,u) for all u,v € H; and

In this case, we call the pair (H, (-,)) an inner product space.
EXERCISE 3.3.2. Show the following Cauchy-Schwartz inequality:
|(u,v)] < (u, u)%(v,v)% for all u,v € H.

In addition, show that the function || - || defined by ||u|| := (u,u)? for all u € H is a norm,
which satisfies the parallelogram law:

2 2

- 1
(3.3.1) YO S = 2l (olf2) for all u,v € H.
2 2 2
DEFINITION 3.3.3. Given an inner product space (H, (-,-)), and induce a norm || - || as

above. If (H, | - ||) is complete, then we called H a Hilbert space.

EXAMPLE 3.3.4. Let Q be any open set in R"” and we define L*(Q) :=
{f: Q= Rwith [,|f(z)]*de < co}. The mapping

()2 : L2(Q) x L*(Q) — R
(u,v)2(q) = /Qu(ac)v(ac) de for all u,v € L*(Q)

is a scalar product, and we denote ||u|12() = v/(u, w) 12(q) for all u € L*(Q) the corresponding
norm. In fact, L*(Q) is complete with respect to the norm | - ||12(q), see e.g. [WZ15].

EXERCISE 3.3.5 (|Brell, Exercise 5.1]). Let (H,| - ||) be a normed space. Suppose that
the norm || - || satisfies the parallelogram law (3.3.1). Define

1
(u,v) = 5(\\u+v[\2 — |Jul® = ||v||*) for all u,v € H.

(1) Check that (u,u) = ||ul]?, (u,v) = (v,u), (—u,v) = — (u,v) and (u,2v) = 2 (u,v)
for all u,v € H.

(2) Prove that (u+v,w) = (u,w) + (v, ) for all u,v,w € H. [Hint: use the
parallelogram law successwely with (i) u =0; (ii) u =a+w, v =0+ w; and
(i) u=u+v+w, v=u

(3) Prove that (Au,v) = A (u,v) for all A € R and for all u,v € H. [Hint: Consider first
the case A € N, then A € Q, and finally A € R]

(4) Conclude that (-,-) is a scalar product on H.
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EXERCISE 3.3.6 (L? is not a Hilbert space for p # 2 [Brell, Exercise 5.2]). Show that
| f1|r () satisties the parallelogram law (3.3.1) if and only if p = 2. [Hint: Use functions with
disjoint supports|

The above exercise suggests us to denote the following notations:

DEFINITION 3.3.7. Let 2 be any open set in R, then we denote H™(Q) := W™?(Q) for
each m € N. In this case, the norm reads

D=

H™(Q) = Z ||8au||%2(9)

laj<m

i

EXERCISE 3.3.8. Use Exercise 3.3.5 to show that the corresponding scalar product is
given by

(u, V) pm(q) = Z (0%u, 0%0) 12(q)-

laj<m

By introducing the gradient Vu(x) = (Oyu(x), -, 0,u(x)), we see that

/QVu(:v) -Vou(z)dx = /Qzalu(a:)&v(m) dx
-y /Q du(@)00(e) dw = (D, O e

Therefore it is convenient to define

(Vu, Vv)r2q) = / Vu(z) - Vo(z)de, ||Vullr2) =/ (Vu, Vu)r2q),
Q

so the scalar product and norm on H'(Q) can be expressed as

Jun

2

(u, v) () = (U, v)r2) + (Vu, V) r2q), - ullmio) = <||U||%2(Q) + ||VU||%2(Q))

We introduce the Hessian matrix V¥?*u(z) = V@ Vu(x) with entries (V#*u(x)),; = 0idju(z).
The following simple exercise explains why we choose this notation.

EXERCISE 3.3.9. For each vectors a,b € R" (identify as n x 1 matrix), we define the
juxtaposition a ® b € R™*™ (i.e. an n X n matrix with entries in R) by a ® b = ab', where T
denotes the transpose of the vector. Compute each entry (a ®b);; of the n x n matrix a ® b.

EXERCISE 3.3.10. Let e; € R" be the j™ column of the identity matrix Id,. Show that

Z e, ®e, =1d,.
k=1

EXERCISE 3.3.11. Let w, v € R™ and consider the matrix A := Id,, + u®v, which is called
the rank-one perturbation of identity. Determine the relation between v and v to guarantee
A1 exists, and compute A1
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We see that

/Qv@ﬂ() VE2y( dm—/Zaau )9;0;v(x) da

1,7=1
_ Z/aau 10,0,0() dz — Z(aiaju,aiajv)wm.
i,7=1 i,7=1

Therefore it is convenient to define

(V¥2u, V¥20) /v®2 ) : V®0(x)de, ||[VEulr20) = \/(V®2u V&2u) 12(q),

and

(u, U)HQ(Q) = (u, ’U)L2(Q) + (Vu, VQ})L2(Q) + (V®2u, V®2?J)L2(Q),

1
2

(3.3.2) iy = (el + 1VulZaqq) + V20l

The || - ||g2(-norm given in (3.3.2) is actually equivalent to the || - || g2()-norm given in
Definition 3.3.7 in the following sense:

DEFINITION 3.3.12. Let || - ||; and || - |2 are norms on the vector space X. We say that
| - |lx and || - ||2 are equivalent if there exists a constant ¢ > 0 such that

cHully < ulle < cllully for all u € X.

Similarly, by introducing the k-tensor V®*u(zx) with entries (V®ku(w))i1i2mik =
0iy 0, - - - O, u(x), we see that

/QV@)ku() o V&y( dac—/ Z O u(x)0;, 05y - - - Op v(x) A

=1
= Z Oy u(x)0;, 0y - - - O v(x) dee
lk 1
= > (040 05,1,0,05, - 0,0) 120y
i1, =1

It is convenient to define V®% := u, and for each k& € N that

(Vu, V) 120y 1= / Ve (x) @ V*u(x)de, ||[Vu| 1200 = \/(V@’ku, V) r2(q).
Q

We define the scalar products and norm by

m m %
(3.3.3) () mey = > (VU V) 12, ||u||Hm<m=(va@funiz(m)
k=0 k=0

The || - ||gm@)-norm given in (3.3.3) is actually equivalent to the || - ||g2(o)-norm given in
Definition 3.3.7. We recall the following fact, which already mentioned in Theorem 3.2.8:
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THEOREM 3.3.13 (Trace theorem). Let Q2 be a bounded domain in R™ with C*' boundary
092, i.e. ) is a bounded Lipschitz domain in R"™. The mapping

Tr : C®(Q) — C®(09), Tr(u):= ulyg

extends to a unique bounded linear surjective mapping H'(Q) — H%(aQ), where H%((?Q) =
Tr (HY(Q)) C L2(09), which is a Hilbert space equipped with the quotient norm

= inf .
191l 74 o0 ueHl(éIf,Tr(u):gH“”HI(Q)

It is also possible to define the “traces” and “normal derivatives” on 0f2 for H™-functions
(see Theorem 3.2.8), see also [LM72, Theorem 9.4] for similar results for higher order
derivatives:

THEOREM 3.3.14 (Trace theorem, a special case of [AHO09, Theorem 7.3.11]). Let m €
Z>o and let Q be a bounded C™ ' domain in R™. The mapping

u e C%(Q) = (ulyg , Fulag) € C(IQ) x C=(09),

where J,u = v - Vu, extends to a unique bounded linear surjective mapping H™(2) —
H™2(8Q) x H™ 2(99Q), where for each k = 1,2,---,m the space H*2(09) :=
Tr (H*(Q)) C L?(09Q), which is a Hilbert space equipped with the quotient norm

9053 00 = e gy 10

The following is an immediate corollary of Lemma 3.2.4:

COROLLARY 3.3.15 (Density). Let Q be a bounded Lipschitz domain in R™ and let m € N.

Given any f € H™(Q)), there exists a sequence { fi}ren in C*°(2) such that
fo— fin H™(Q), that is, klirn I fe = fllam@) = 0.
—00

In view of Corollary 3.3.15, it is natural to consider the following subspace of H™(f2):

DEFINITION 3.3.16. For each m € N, we define H"(§2) be the closure of C'°(2) with
respect to the norm || - || gm ().

The relation between H{"(§2) and H™(2) are given in the followings:
LEMMA 3.3.17. If Q is a bounded Lipschitz domain in R™, then
Hy(Q) ={ue H(Q): uly,=0}.
If Q is a bounded C*' domain in R", then
Hy(Q) = {u € H'(Q) : ulpg = dyulyg = 0} .

REMARK. The subscript 0 in HJ*(2) means the zero boundary value. Therefore here we
denote C2°(Q2) rather than C3°(Q2), which also used by many authors, to avoid confusion.

Since H}(2) N H?*(Q) = {u € H*(Q) : ul,q = 0} for any bounded C*' domain Q C R”, then
HL(Q) N HA(Q) £ HE(9).

EXAMPLE 3.3.18. For each parameter w > 0, we consider the function v(¢, z) = e“tu(x).
It is not difficult to see that

(02 — AAY(t, ) = —2“Y(A + kP)u(z) with k = %
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Since ¢ # 0 and et # 0 for all ¢ € R, the it is natural to consider the following second order
elliptic PDE on a bounded Lipschitz domain €):

(3.3.4) (A+E)u=finQ, ul,,=0.

When k& = 0, we call (3.3.4) the Poisson equation; when k > 0, we (3.3.4) the
Helmholtz equation, which described the acoustic wave with fixed wave number k£ > 0
|[CCH23, CK19, KGO08|. The term e is called the time-harmonic, and thus we also

called the Helmholtz equation the time-harmonic wave equation. In view of the integration
by parts (Theorem 3.2.8), one first formally compute that

/f¢dw:/Au¢dm+k2/u¢d:c
Q Q Q
- —/ Vu - Voda + kz/ud)dw for all ¢ € C%(Q).

Q Q
In view of the definition of HJ(Q2) and Lemma 3.3.17, we say that u is a weak solution of
(3.3.4) if
(3.35)  we Hy(Q) and (f, )2 = —(Vu, Vo) 120y + k*(u, ¢) r2(o for all ¢ € Hj ()
for any pre-given f € L*(Q).

One sees that (f, ¢)r2(q) is actually well-defined for f,¢ € L*(Q), and here we have
¢ € H} (). Therefore it is natural to ask:

QUESTION 3.3.19. Given any ¢ € Hy(Q), whether the term T(¢) := (f, ¢)12(q) still make
sense for lower reqularity f¥

By using Exercise 1.0.9 and the density lemma (Lemma 1.0.15), we have

(f: ¢)L2(Q) _ sup (f7 ¢)L2(Q)

(3.3.6) | fllzecy =  sup = :
) ozocr2) 1Pll2)  ozecce) 10llr2@

This is actually a special case of the following general notion:

DEFINITION 3.3.20. Let X and Y be two Banach spaces. An unbounded linear operator
from X into Y is a linear map . : dom (.£) C X — Y defined on a linear spaces dom (&) C
X with values Y. The linear space dom (.Z) is called the domain of . If Y =R orY =C,
then we called such £ a linear functional on the domain dom (.Z).

DEFINITION 3.3.21. One says that .Z is bounded (or continuous) if dom (£) = X and if
there is a constant ¢ > 0 such that

|-Zu| < cl|lu|| forall ue X.
The norm of a bounded operator is defined by

Z
|2l = inf {e > 0: [ Zul] < cful for all w e X} = sup 120
o Tullx

IfY =R or Y = C, one says that such .Z is a bounded (or continuous) linear functional on
X.

EXERCISE 3.3.22. Verify that || - || x_y given in Definition 3.3.21 is a norm.

Similar to distributions (Definition 3.1.19), we now introduce the following definition:
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DEFINITION 3.3.23. Let H be a Hilbert space. The dual space H* of H is a Hilbert space
consists of all bounded linear functional on H, with norm || - ||z« = || - || z—&-

We now consider a trick similar to Example 3.1.17:

EXAMPLE 3.3.24. The equality (3.3.6) means that f can be identify with the bounded
linear functional Ty(¢) := (f, ¢)r2q) for all ¢ € L*(Q). In other words, we have L*(Q) =
(L*(€0)".

We now ready to answer Question 3.3.19. Since we have ¢ € Hj (), together with the
density lemma (Corollary 3.3.15), the equation (3.3.6) suggests us to define the following

quantity:
fodx
||f||H_1(Q) = supﬂzn— = sup /fgzﬁda:
$#0 Hé(Q) H¢||H(1](Q):1 Q

Here we write [, f¢ da rather than (f, ¢)r2) because here f may not in L?(€2). We see that
11 = IT¢ll(mp@)- therefore we immediately can define H~'(Q) := (Hg(Q))*, more
precisely:

DEFINITION 3.3.25. For each bounded Lipschitz domain €2 in R", we define
H Q) :={feZ'(Q): Ty e (Hy(Q)}.
From the above discussions, we obtain the triplet
(3.3.7) HY(Q) C LA(Q) = (LA(Q)* € H Q).

From definition, one can easily note that

/Q f(@)g(x) da

Warning. However, one should aware that in general

< [[fllz-r@llgll -

/ | f()g(x)| dz cannot be bounded from above by || f|[#-1)llgll# )
Jo

it is interesting to compare this with (1.0.4) in Exercise 1.0.9.

REMARK 3.3.26. Similarly, for each bounded smooth (for simplicity) domain 2 in R",
one can define H () := (HJ'(2))* for each m € N, more precisely,
H™™(Q) = {f € 7'(Q) : Ty € (H"(2))"}.
Similarly, we also obtain the triplet
(3.3.8) HMQ) C LA(Q) =2 (L*(Q)* € H™(Q) for all m € N.
This ideas also can be extended for real numbers m > 0 and bounded Lipschitz domains

[McLO0O0], see also [LM72|. Here we also remark that (H™(Q))* for (real) m > 0 can be
characterized in terms of quotient norm [McLO0O|.

We now exhibit the following remarkable fact for all bounded linear functionals on Hilbert
spaces:

THEOREM 3.3.27 (Riesz-Fréchet representation theorem |Brell, Theorem 5.5]). Given
any ¢ € H*, there exists a unique v € H with ||v|| g = ||¢|| g+ such that

o(u) = (v,u)y for allu € H.
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REMARK. Due to the above Riesz-Fréchet theorem, we also denote ¢(u) = (p,u), or
more precisely, ¢(u) = (¢, u) gon, and we call (-, -) the duality pair.

The Riesz-Fréchet representation theorem (Theorem 3.3.27) defines the isometry ¢ : H* —
H by t(p) := v. Similar to Sobolev embeddings (Theorem 3.2.6), this suggests us to identify

~

H and H*, but this sometimes cause some troubles. For example, if we identify both L?(Q) =
(L2(2))* and H}(Q) = (HL(Q))* = H1(Q), then the triplet (3.3.7) implies L? = H}(Q) =
H~(€), which obviously make no sense. In typical situation, we usually identify L*(Q) =
(L?(Q))* and not identify H}(Q) with its dual H~'(Q) despite we have the Riesz-Fréchet
representation theorem (Theorem 3.3.27).

3.4. Solving elliptic PDE for small wave number

We now turn back to the Helmholtz equation (3.3.4), and we now can ask the following
question (in a proper way):

QUESTION 3.4.1 (See also Question 3.6.21 for a slightly general case). Let Q be a bounded
Lipschitz domain in R", let f € H™*(Q) and k > 0, can we find a weak solution u of the
Helmholtz equation (3.3.4)¢ More precisely, can we find u € H}(Q) satisfies

(Vu, Vo) p2i) — B2 (4, 0) 1200y = =(f, 0) 10110 Jor all v € Hy(2)
or not? In addition, is the solution unique?

In view of the above formulation, it is natural to introduce the following notions:
DEFINITION 3.4.2. A bilinear form a(-,) : H x H — R (see Definition 3.3.1) is said to be

(a) continuous if there is a constant C' > 0 such that

la(u,v)| < C|lu||lgllv||g  for all u,v € H.
(b) coercive if there is a constant « > 0 such that
a(v,v) > allv||? forallve H.

(c) symmetric if a(u,v) = a(v,u) for all u,v € H. In this case, the coercive bilinear
form a is also said to be positive definite.

REMARK 3.4.3 (Finite dimensional case: linear algebra). We say that a symmetric matrix
A € R™™ is positive definite if

(3.4.1) Au-u=uTAu >0 for all 0 #u e R".

Since A is symmetric, the it is unitary diagonalizable (iff A is normal, i.e. AAT = ATA),
i.e. there exists an invertible matrix Q with Q! = QT such that A = QDQT, where D is a
diagonal matrix. Hence (3.4.1) writes

wWTQDQ™u = D(Q™u) - (QTu) = D(Q 'u) - (Q'u) >0 for all 0 # u € R",
this equivalent to
Dv-v>0 forall 0 #veR"

Therefore, all entries in D, they called the eigenvalue of A, must be positve. This explains
why we the condition (3.4.1) called positive definite, and so is the above definition for infinite
dimensional case.

We now exhibit the following remarkable result, which is a very simple and efficient tool
for solving linear elliptic PDE:
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THEOREM 3.4.4 (Lax-Milgram [Brell, Corollary 5.8|). Assume that a(-,-) is continuous
coercive bilinear form on H. Then, given any o € H*, there exists a unique element uw € H
such that

(3.4.2) a(u,v) = (p,v) forallve H.
Moreover, if a is symmetric, then u is characterized by the property
1 . [1
(343 we, gatuu) - (o) = mig { Ja(v,0) - o)

REMARK 3.4.5. In the language of the calculus of variations, one says that (3.4.2) the
FEuler equation associated with the minimization problem (3.4.3).

In order to answer Question 3.4.1, it is now natural to consider
(3.4.4) a(u,v) == (Vu, Vo) 2y — k*(u,v) 120y, ¢ =—f € H Q).

It is easy to verify that a : H}(Q2) x H}(Q) — R is a continuous and symmetric bilinear form.
In order to verify its coercivity, we need the following lemma;:

LEMMA 3.4.6 (Poincaré’s inequality [Brell, Corollary 9.19]). Let Q be a bounded open
set. Then there exists a constant C, depending on §2, such that

lull 2y < C||\Vull 2@ for all u € H&(Q).

EXERCISE 3.4.7. Let I be a bounded interval in R. Show that there exists a constant C,
depending on the length of the interval |I| < oo, such that

||U||L2(]) S C||U/||L2([) fOI‘ all u € H&(I)
(Hint: This result is not optimal, you will see the optimal inequality in the proof.)

By using the Poincaré inequality and the density result (Corollary 3.3.15), one can define
a positive number, called the fundamental tone of €2, by

”qui?(Q) . HVUH%?(Q)

(3.4.5) A= in 5 = inf
0ucCx(@) fullfzq)  orueni@ [ullizq

The quotient [[Vul[Z2(q)/[[ull72q) sometimes also referred as the Rayleigh quotient. Hence
2

k
ol ) = [Vl — Rl = (15 ) 19l

which means that a is coercive when k* < \;. By using the Lax-Milgram theorem
(Theorem 3.4.4), we can give some partial answers to Question 3.4.1:

THEOREM 3.4.8. Let Q be a bounded Lipschitz domain in R"™ and let f € H Q). If
k* < A1, then there exists a unique u € H}(QQ) satisfies

(Vu, Vo) 29y — k*(u,0) 1200y = —(f, V) e Jor all v € Hy(Q)
satisfying

F(u)= min F(v), F(v)=

2 2 2
i (1901220 = K0l ) + (£ 0) sy

N | —
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3.5. The maximum principle

We now investigate the solution u of the Helmholtz equation (3.3.4), in the sense of
Theorem 3.4.8. In order to make our statement make sense, we first introduce the following
notion.

DEFINITION 3.5.1 (|[KS00, Definition 5.1]). Let Q be an open set in R", let u € H'(Q)
and let £ C Q. We say that the function u is nonnegative on E in the sense of H'(Q), or we
simply denote u > 0 on E in H(Q), if there exists a sequence u,, € H">(Q) such that

Up(r) >0forallz € E, wu, — uin H*(Q).
If —u>0on Fin H'(Q), then u is nonpositive on E in H'(Q),or we simply denote u < 0
on F in H'(Q2). Similarly, we say that v < v on E in H'(Q) if v —u > 0 on F in H'(Q).
Accordingly, we also define
sup u := inf{M ER:u<Mon FE in Hl(Q)}.
E
In fact, the following density lemma with signed constraint (which does not mentioned

in Corollary 3.3.15) guarantees that the notion of > in H'(Q) is consistent with the notion
of > in the Lebesgue measure sense.

LEMMA 3.5.2 (|[KS00, Proposition 5.2|). Let Q be an open set in R, let u € H(Q) and
let E C Q.
(i) Ifu>0 on E in H'(Q), then u >0 on E a.e.
(i) Ifu>0 on Q a.e., thenu >0 on Q in H(Q).
(iil) Ifu € HYQ) and u >0 on Q a.e., then there exists a sequence u, € Wy ™(Q) such
that u, >0 in Q and u, — u in H}(Q).
(iv) If E is open in Q and u > 0 on E a.e., then for each compact set K C E, one has
u>0onE in H(Q).

(i) and (ii) implies u > 0 on € a.e. if and only if v > 0 on Q in H'(Q2). Hence, from
now on, we can just simply write u > 0 in Q for all u € H'(2). The following lemma is also
helpful:

LEMMA 3.5.3 (|[AK19, Lemma 2.5]'). Let Q be an open set in R™ and let u € H*(Q).
We set uy (z) := max {u(z),0} for a.e. x € Q. Then uy € H'(Q) and Tr (uy) = (Tru), for
H" 1 a.e. on O with

Vu ae. inQyp:={zrecQ:u(z)>0},
3.5.1 \V4 =
( ) () {O a.e. in Q\ Q.

EXERCISE 3.5.4. Verify (3.5.1) by assuming that v € H'(Q) and u, € H*(Q).

We now ready to prove the following lemma (it is interesting to compare the ideas in the
following lemma with [GT01, Theorem 8.1]).

LEMMA 3.5.5 (Weak maximum principle [KLSS22, Proposition A.5 in arXiv version|).
Let Q be a bounded open set in R", and let \1(Q) be the fundamental tone of Q0 given in
(3.4.5). If k* < \(Q), u € HY() salisfies

(a) ulyq <0 in the sense of uy € Hy(Q), which is well-defined by Lemma 3.5.8 above;

Lsee also [KS00, Theorem A.1]



3.6. SOLVING ELLIPTIC PDE: EIGENVALUE PROBLEM AND FREDHOLM ALTERNATIVE 44

(b) —(A + k*)u < 0 in the sense of H1(Q), 1.e. a(u,v) <0 for all v € H}(Q) with
v >0, where a is the bilinear form given in (3.4.4);

then u < 0 in Q. (one can refer to Remark 2.3.5 for the minus sign in (b))

PROOF. By using Lemma 3.5.3, we observe that (Vu,, Vu_)2q) = 0, therefore from (a)
and (b) one sees that

IV 720y = (Vu, Vug) 2y < K lugl|72)-

From (a), we have u, € H} (), therefore Poincaré inequality (Lemma 3.4.6) gives

1
2 < ———||Vur||?2/0n-
“U+”L2(Q) > )\1<Q)H U+HL2(Q)

Combining the above two inequalities, we reach
2 ’ 2
[ [|72(0) < WHU-FHLQ(Q)'

Since #QQ) < 1, it follows that w, = 0, and therefore w < 0 in €. O

Indeed, by using the mean value theorem for Helmholtz operator, one can show
the following lemma (we will not show the proof here, also compare this with [GTO01,
Theorem 8.19]).

LEMMA 3.5.6 (Strong maximum principle [KLSS22, Proposition A.5 in arXiv version|).
Suppose that all assumptions in Lemma 3.5.5 hold. If we additionally assume that u is
continuous in ), then in each connected component of ) we have either u < 0 or u = 0.

Finally, we closed this section by remark that it is also possible to formula the maximum
principle for arbitrary open set Q (without any regularity assumption on its boundary o),
see [BNV94].

3.6. Solving elliptic PDE: Eigenvalue problem and Fredholm alternative

We now turn back to Question 3.4.1. Since we confirmed the case k> < )\ in
Theorem 3.4.8, then it is natural to ask whats going for the case when k? = \{(©2). Under
some suitable assumptions on 2, later we will show that the infimum in (3.4.5) can be
achieved, i.e. one can find 0 # u, € Hj () such that

Vu 22 Vu* 22
(3.6.1) A= inf IVullzzg) — Vulzeg)

0F£ueHg(Q) ||UH%2(Q) - HU*H%%Q)

Y

ie. [Vuullaq) = Mllucllizg) which suggests that w. may satisfies (A + A)u, = 0 and
Uy|s = 0, therefore we have to expect a negative answer (the solution is not unique) for
Question 3.4.1 when k? = \;.

DEFINITION 3.6.1. Let H be a Hilbert space with scalar product (-,-)y and the norm
| - [l We say that a sequence {¢x}ren is a Hilbert basis or orthonormal basis of H if it
satisfies the following properties:

(1) ||¢k|lg =1 for all k € N and (¢, ¢;)p = 0 for all k # j.
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(2) the linear space spanned by {¢y }ren, i.e.

span { ¢ ren = {Z cror - I is a finite set in N, ¢, € ]R} ,

kel

is dense in H.

We exhibit the following remarkable fact about Hilbert basis (here we do not show the
proof).

THEOREM 3.6.2. Let H be a separable (i.e. there exists a subset X C H which is countable
and dense) Hilbert space and let {¢y}ren be an orthonormal subset of H. Then the following
are equivalent:

(1) {ér}ren is a Hilbert basis;
(2) The following Parseval identity holds:

15 =Y 1(F, o)l

keN

(3) If f€ H and (f,¢x)u =0 for all k € N, then f=0.

COROLLARY 3.6.3. Let H be a separable Hilbert space with Hilbert basis {dx}ren. For
each v € H, one has

(3.6.2) Z U, O ) g Pr converges in H.
k=1

The precise meaning of (3.6.2) is

lim =0.
m—0o0

U — Z U, ¢k 2Ok
k=1

H
In fact, we have the following well-known result:

THEOREM 3.6.4 (Spectral decomposition of Dirichlet Laplacian [Brell, Corollary 9.19)).
Let Q be a bounded Lipschitz domain. There exists a Hilbert basis {¢;}jen of L*(R) and a
sequence of real numbers {\;}jen with 0 < A\; < Ay < --- — 00 such that

¢; € Hy()NC™(Q), —Ad; = \j¢; in Q.

We usually call {\;}jen the eigenvalues of Dirichlet Laplacian on 2, and {¢;}en be their
corresponding eigenfunctions. Sometimes we call {(\;, ¢;)};en the eigensystem of Dirichlet
Laplacian on Q. (one can refer to Remark 2.3.5 for the minus sign in elliptic operators)

This immediately gives negative results for Question 3.4.1 for k* = \; for some j € N:
the solution of Helmholtz equation (3.3.4) is not unique when k* = \; for some j € N.
We will not going to give a detailed proof of the eigendecomposition of Dirichlet Laplacian
(Theorem 3.6.4). As an introduction, we slightly mention that the proof of Theorem 3.6.4
involving the following notion:

DEFINITION 3.6.5. Let X and Y be two Banach spaces. A bounded linear operator
T :X — Y is said to be compact if for any bounded sequence {z;},ey in X, the sequence

{T'z;}jen contains a convergent subsequence in Y. The set of all compact operators from X
to Y is denoted as K£(X,Y). If X =Y, we simply write (X) = (X, X).
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The following fact is useful to check whether the bounded linear operator is compact or
not.

LEMMA 3.6.6 (|Brell, Proposition 6.3]). Let X.Y and Z be three Banach spaces. Let
L(X,Y) denotes the set of bounded linear operator from X to'Y.
(1) If T € LIX,Y) and S € K(Y, Z), then SoT € K(X, Z).
(2) fT e K(X,Y) and S € L(Y,Z), then SoT € K(X, Z).

We usually use the following form of Lemma 3.6.6: If Y € Z, i.e. the embedding::Y — Z
is compact, then by identifying 7= 1o T, one sees that 7' € L(X,Y) implies T' € K(X, Z).
Similarly, if X € Y, one sees that S € L(Y, Z) implies S € K(X, Z).

REMARK 3.6.7. By using the Poincaré inequality (Lemma 3.4.6), one sees that H}()
is a Hilbert space equipped with the scalar product (u,v)Hé(Q) = (Vu, Vv)2(). From the
weak formulation of —A¢; = \;¢; in Q, together with the density lemma (Corollary 3.3.15),
one sees that

> (wde) @b = > _(Vu, Vor)raode = Y Mt ¢r)r2(o) b,
k=1 k=1 k=1
and then from Theorem 3.6.2 we see that

(3.6.3) ||U||§13(Q) - Z |(u, ¢1<:)H5(Q)|2 = Z )\i‘(% ¢k)L2(Q)|2-
k=1 k=1

From this, one then easily see that
lalFn ) = lulFa@) + lulfy @ = D1+ A0 (w6 o).
k=1

REMARK 3.6.8. From (3.6.3), in fact one can define the fractional order Sobolev by

lul

?{S(Q) = Z )\zs|(u, ¢k)L2(Q)|2 fOI“ S € (0, 1),
k=1

with scalar product

(u,v) 30 Z)‘k u, or) r2(0) (V, Ok) 12 for s € (0,1).
For each u € H(2), one also may define the spectral factional Laplacian (not to confused
with Fourier fractional Laplacian) (—A)%u € H*(Q) := (H§(2))* by

<(—A)su, U)H—s(Q)@Hg(Q) = (U, U)HS(Q) for all v € HS(Q)

However, the above idea cannot directly extend to arbitrary s € R, which require additionally
assumptions on the boundary on u to make sure the definition is consistent with the classical
Laplacian, see e.g. my dissertation [Kow21]|, which is indeed a lecture note, for further
details.

It is worth-mentioning the following properties:
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THEOREM 3.6.9 (|GTO01, Theorem 8.38|). Let Q be a bounded Lipschitz domain, and let
A1 be the first eigenvalue (also called the principal eigenvalue) given in the eigendecomposition
in Theorem 3.6.4. Then the corresponding eigenfunction is simple, that s, if ¢1 and ¢,

are both eigenfunctions corresponding to A1, then there exists a constant ¢ # 0 such that

o1(z) = coy(x) for all x € Q. In addition, one can choose ¢y such that ¢1(x) > 0 for all
x € €.

REMARK. If we further assuming that OS2 is C?° for some 0 < o < 1, as a consequence
of Krein-Rutman theorem, one has ¢; € C1%(Q), see e.g. [Du06, Theorem 1.3].

We now turn back to answer (3.6.1), i.e. whether the infimum in Rayleigh quotient
(3.4.5) can be achieved or not. In order to answer this question, need the following facts
on compact operators, which can be found in [dF82, dFG92| as well as my dissertation
[Kow21, Appendix A.5]:

LEMMA 3.6.10. Let H be a Hilbert space and let T € K(H) which is symmetric, i.e.
(Tu,v)g = (u, Tv)y for all u,v € H. If
pr = sup {(Tw,w)y : ullg =1},
then there exists ¢1 € H with ||¢1||lg = 1 such that

(Tor, 1) = p1, To1 = .
Inductively for 7 > 2, if
pj =sup {(Tu,w)y : ||ullg =1, u L ¢ foralli=1,---,5—1},
where w L v means (u,v)g = 0, then there exists ¢; € H with ||¢j||lp = 1 with ¢; L
¢1, - ,pj—1 such that
(T'¢j,05) = njs  Téj = 105
EXERCISE 3.6.11. Let 2 be a bounded Lipschitz domain in R™. Given f € H1(Q), by
using Theorem 3.4.8 with k& = 0 one can find a unique solution u € H}(Q) of the problem

(364) (VU, V'U)LQ(Q) = <f7 U>H_1(Q)€BH1(Q) fOI' all v E H&(Q)

0

Then one can define the linear operator (—A)phf := wu. By doing some suitable

identifications, show that (—A)pl € K(L2(Q)).

EXERCISE 3.6.12 (The equivalence of first Dirichlet eigenvalue and fundamental tone).
By choosing T' = (—A)g. and H = L*(Q), where (—A)p. is the operator mentioned in
Exercise 3.6.11, show that the infimum in Rayleigh quotient (3.4.5) can be achieved, i.e.
there exists u, € H}(Q) such that

||VU||%2(Q) _ ||VU*||%2(Q)

in )
0F£ueHg () HUH%Q(Q) ”u*Hiz(Q)
In addition, show that there exists a constant ¢ # 0 such that u, = c¢y.

EXERCISE 3.6.13 (Rayleigh quotient). Let 2 be a bounded Lipschitz domain in R™ and
we consider the eigendecomposition in Theorem 3.6.4. Show that

. HVU”%Z’(Q) 1 . . .
A; = min 0Zue Hy(Q) withu L ¢; foralli=1,---,5—1,.

||U||%2(Q)

Here v L ¢; means (u, ¢;)r2() = 0.
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The following Courant minimax principle [CHO4a] (see [CHO4b] for volume 2), which
also can be found in [dF82, dFG92| as well as my dissertation [Kow21, Appendix A.5|,
enables us to characterize the eigenvalues without referring previous eigenvalues:

LEMMA 3.6.14. Suppose that all assumptions in Lemma 3.6.10 hold. Then

R (inf {(T'w,u)g : ||ullg = 1,u € F}}),

where max means the mazimum taken over all subspaces F; of H with dim(F}) = j.
FjCHdim(Fj)=j

EXERCISE 3.6.15 (Courant minimax principle). Let {2 be a bounded Lipschitz domain in
R™ and we consider the eigendecomposition in Theorem 3.6.4. Show that

2
. [Vul L2()
Aj = min max ———-—-— |,
FjCHg(Q),dim Fj=j \ v€F; ||u||L2(Q)
where min means that the minimum is taken over all finite dimensional vector
FjCH(Q),dim Fj=j

space F; C Hg () with dim F; = j.

REMARK 3.6.16. If we replace H} () by H'(Q) in the Rayleigh quotient (3.4.5), or more
generally the Courant minimax principle above, then this produces Neumann eigenfunctions
for Laplacian. Since this is a bit technical, here we will not explain in this lecture note.

There is also another characterization for principal eigenvalue:

THEOREM 3.6.17 (see e.g. [BNV94|). Let Q be a bounded Lipschitz domain, and let \
be the first eigenvalue (also called the principal eigenvalue) given in the eigendecomposition
i Theorem 3.6.4. Then

A =max {\ € R: there exists a function 0 < u € H'(Q) such that (A+ X)u <0 in Q}.
Here (A + X)u < 0 in Q means that (Vu-Vv)r2q) — AMw, v) 2@y = 0 for all 0 < v e C2(Q).
We now begin discuss the case when k? # \; for all j € N in the following exercise:

EXERCISE 3.6.18. Let 2 be a bounded Lipschitz domain in R™ and let v € H(Q). If
k* # A for all j € N, show that

u=0in Q if and only if (A4 k*)u =0 in Q (give a suitable formulation).

We will need the following theorem, which is a consequence of the Fredholm alternative
[Brell, Theorem 6.6]:

THEOREM 3.6.19 (Uniqueness implies existence result for Fredholm operators). Let X be
a Banach space, let f € X and let T € K(X). If there is at most one solution of the equation
(Id = T)u = f, then there exists a unique solution u of (Id — T)u = f. More precisely, if

v=0iffv—Tv=0 i.e Id—"T is injective,
then for each f € X there exists a unique solution u € X such that (Id — T)u = f.

REMARK. In fact, Id — T is a Fredholm operator of index zero.
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Given any f € H (), we notice that finding a H; () solution of the Helmholtz equation
(3.3.4) is equivalent to find a solution v € HJ(Q2) of the following equation:

(Vu, Vo) 29y = (K*u — [0 a1 @eni forallve H3(Q).
If we consider the compact operator (—A)pk given in (3.6.4), the above equation means
u= (=A)py (kv — f) = k(= A)pyu — (=A)pi.f,
equivalently,
(Id = *(=A)pi)u = —(=A)pi, -
By Exercise 3.6.11, it is easy to see that T := k*(—A)pt € K(L%(R)). Finally, we combine

Exercise 3.6.18 and the Fredholm alternative (Theorem 3.6.19) to conclude the following
theorem:

THEOREM 3.6.20 (See also Theorem 3.4.8 for refinement when k? < \;). Let Q be a
bounded Lipschitz domain in R" and let f € H Y(Q). If k* # X\, for all j € N, then there
exists a unique u € H}(Q) satisfies

(Vu, Vv)r2q) — k? (u, V)2 = — ([, V) m-1emi ) for allv € H3 ().

We now give a somehow satisfying answer to Question 3.4.1 (here we will not explain how
the weak solution related to strong solution). We now ask another question which is slightly
general than Question 3.4.1:

QUESTION 3.6.21. Let Q be a bounded Lipschitz domain in R™, let f € H(Q), g €

H%(GQ) and k > 0 with k* is not an eigenvalue as mentioned in Theorem 3.6.4, can we find
a weak solution u of the Helmholtz equation

(3.6.5) A+E)u=finQ, o=y
or not? (Note: the uniqueness is already guaranteed by Ezercise 3.6.18)

As above, we need to give a valid formulation first. By using the surjectivity of the
trace theorem, see the trace theorem (Theorem 3.3.13), there exists a u € H'(f2) such that
|y = g (but however such extension @ of g may not unique). From (3.6.5) we formally see
that the function w := u — u satisfies

(3.6.6) (A+k)w=f—(A+k)ain Q,  w|y, =0

Despite At can be defined in distribution sense, but it may not in H () since the
integration by parts (Theorem 3.2.8) may generate some boundary terms, therefore we cannot
formulate the above using similar ideas as above.

One still can perform the above simple idea by imposing additional assumptions. For
example, we can further assume 2 is a bounded CY! domain in R™ and further assume that
g € H2(89). In this case, by the trace theorem (Theorem 3.3.14), one can construct a
a4 € H*(Q) such that al,g = ¢g. In this case Au is well-defined and is L*(Q) ¢ H (),
therefore f — (A + k*)u € H-'(Q). Hence we can solve (3.6.6) as in above. Here we do not
formulate this as a theorem since the result is far away from optimal.

In order to answer Question 3.6.21, one sees that the only problematic term in (3.6.6) is
the term Ad. One simplest way to deal with it is to find an extension @ € H'(Q2) which is
harmonic in Q, i.e. Ad =0 1in €. In fact, this is true (we will not going to prove this):
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THEOREM 3.6.22 (A special case of [GT01, Theorem 8.3], see also Theorem 4.4.6). Let )
be a bounded Lipschitz domain in R™ and let g € H2(99Q). There exists a unique @ € H(Q)
with
At =01inQ, aly,=yg.

Now it is not difficult to answer Question 3.6.21 in the following exercise:

EXERCISE 3.6.23. Let Q be a bounded Lipschitz domain in R", let f € H (), g €

H2(09) and k > 0 with k2 is not an eigenvalue as mentioned in Theorem 3.6.4. Show that
there exists a unique u € H' () satisfies (3.6.5).



CHAPTER 4

Fourier analysis, convolution and fundamental solution

As mentioned in the title of this chapter, we will introduce the Fourier series as in my
previous lecture note [Kow22|.

4.1. Fouriler series

We now restrict ourselves when the case n = 1, and we want to compute the
eigendecomposition exhibited in Theorem 3.6.4. By choosing n = 1 and Q@ = (0,7) in
Theorem 3.6.4, we generate an eigensystem {(\;, ;) }jen of L2((0,7)), and ¢; € C*((0, 7))
satisfies

(4.1.1) ¢ = =X;j¢;in (0,7), ¢(0) = ¢(m) = 0.
We now consider the general solution of the ODE ¢7 = —\;¢; without account the boundary
condition. By introducing a variable 1; = ¢, we then reach

W) ( o ) (w)

4.1.2 7] = 7).

12) ()= (V) (@

Indeed, the general solutions of (4.1.1), equivalnetly (4.1.2), forms a 2-dimentional vector

space over C, which is actually a special case of the following fundamental result:

THEOREM 4.1.1 (|[HS99, Theorem 1V-2-1]). The general solutions of y'(t) = A(t)y(t),
where the entries of the n x n matriz A(t) are continuous on a closed interval, forms an
n-dimensional vector space (over C).

REMARK 4.1.2. Using similar reduction (4.1.2) of (4.1.1), it is not difficult to see that
the general solutions of linear ODE of order m form a m-dimensional vector space (over C).

EXERCISE 4.1.3 (|Brell, page 232]). Show that ¢,(z) = \/gsin(ja:) for j =1,2,--- by
solving the ODE (4.1.1), and also verify that {¢;} en is orthonormal, i.e. [[¢;|/2(0x) = 1
and (¢4, ¢j)r2(0,7) = 0 for all i # j.

Since {¢;} is an orthonormal basis of L*((0,)), for each f € L?((0,7)), we can write

[e.9]

(4.1.3) flz) = Zaj sin(kx) with a; = %/OW sin(jx) f(z) dz.

The expansion (4.1.3) is called the Fourier sine series.
EXERCISE 4.1.4. Show that the solutions of the
(414) ;, = _/\quz)j in (O,’ﬂ'), wl(O) = wl(ﬂ') =0
is j(x) = \/gcos(jx) for j = 0,1,2,---, and also verify that {¢;};en is orthonormal, i.e.

ijHLQ((OJT)) =1 and <¢i7¢j>L2((0,7r)) = 0 fOI‘ all 7 75 j
51
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In fact, {1;}jenufoy also forms an orthonormal basis of L*((0,7)). One way to to this is
using the completeness of Neumann Laplacian eigenfunction (Remark 3.6.16). In this lecture
note, we will later give another elementary approach (see Exercise 4.1.23 below) involving
approximate identity (see Deinition 4.1.14 below). If we have the completeness, using similar
ideas will induce Fourier cosine expansion for f € L*((0,7)):

™

(4.1.5) flz) = %bo + ib]’ cos(jx) with b; = 2 /7r cos(jz) f(x)dz,
j=1 0

see also [Brell, Comments on Chapter 5|. Later (see Exercise 4.1.11 below) we will give
another explaination about the normalizing constant 1/2 in the bp-term. Here both sine series
(4.1.3) and cosine series (4.1.5) are converges in L*((0,7)).

EXERCISE 4.1.5. Show that both sine series (4.1.3) and cosine series (4.1.5) also converges
in L2((—m,7)).

One should notice that sine series (4.1.3) is exactly the odd extension (2.4.10), while
cosine series (4.1.5) is exactly the even extension used in Exercise 2.4.6.

EXAMPLE 4.1.6. Let f(z) = 1 in the interval (0, 7). The function has a Fourier sine series
with coefficients

9 =7

which in particular gives
4 if j is odd,
aj=92" ...
0 if j is even.
Thus

4 1
1=-— sin((2j — 1)z) converges in L?((0,7)).
~ > 5y sin((2 — 1) converges in L(0.)
JjeN
As mentioned in Exercise 4.1.5, the above sine series also converges in L?((—m,7)). In fact,
one can verify that the above series converges pointwisely (this is not easy to prove, see

[Kow22| for details) with limit

;o € (0,7),
7'%. = 07

-1 ,x € (—m0).

EXERCISE 4.1.7. Compute the coefficients of Fourier cosine series (4.1.5) for the function
f(z) =1 in the interval (0, ).

EXERCISE 4.1.8. Compute the sine series (4.1.3) and cosine series (4.1.5) for the function
f(z) = x in the interval (0, 7).

EXERCISE 4.1.9. Given any function f : R — R. We say that f is odd (resp. even)
if f(—x) = —f(x) (resp. f(—z) = f(x)) for all z € R. Show that f can be uniquely
decomposed as f = foven + fodd, Where feyen is even and fyqq is odd.
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In view of Exercise 4.1.9, it is natural to represent f : (—m, m) — C by the following full
Fourier series:

oo odd part even part

1 7 7N\ N 7 % N
(4.1.6) flz) = EBO + Z A;sin(jz) + B cos(jx) for v € (—m,m)

j=1
in L2((—m,m)).
EXERCISE 4.1.10. Show that

1 i
Y :;/ f(x)sin(jz)dz for j=1,2,---

1 ™
B; = —/ f(z)cos(jx)dx for j =0,1,2,---
™ —T
In addition, show that f is odd iff B; = 0 for all j = 0,1,2,--- and similarly f is even iff
Aj=0forall j=1,2,---.

In view of € = cosf + isinf for all # € R, see e.g. my lecture note on complex
analysis [Kow23|, it is helpful to express the Fourier series in terms of complex numbers.
Alternatively, we may consider the series

(4.1.7) flx) = Z ;e for x € (—m,m) with ¢; € C.

j=—o00

We can write (4.1.7) as

f(z) = Z ;e = cy+ Z(cjeijg” +c_je )

j:—oo j:1

=co+ Y _(Re; +iS¢))(cos(jz) + isin(jzr))

=1

+ Z(?Rc_j +1iQc_;)(cos(jx) — isin(jz))

J=1

=co+ Z@%j cos(jx) — Sy sin(jz)) + i(Re; sin(jz) + Sej cos(jx))
j=1

+ Z(%c_j cos(jx) + Se_jsin(jz)) + i(—Re_; sin(jz) + Sc_j cos(jz))
j=1

=co+ Z(—%cj + Qe +i(Re; — Nej)) sin(jz)

Jj=1

+ Z(%cj + Re_; +i(Se; + Sey)) cos(jx)
=1

=co+ Z i(c; — c_j)sin(jz) + Z(Cj + c_;) cos(jz).

Jj=1
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Compare this with (4.1.6), we have

1
Co = §B0, Cj + C_; = Bj, i(Cj — C,j) = Aj for all j S N,
equivalently,
1 1 . 1 . ,
(418) Co = §B0, C; = §(Bj — lAj), C_; = é(BJ + lAj) for all J e N.

EXERCISE 4.1.11. Show that (4.1.8) is equivalent to
1 " ijz .
cj = —/ f(z)e"*dz  for all j € Z.
2 J_.

Show that f is real-valued if and only if ¢; € R for all j € Z.

EXERCISE 4.1.12. Compute the Fourier series, which given in (4.1.7) and (4.1.8), of the
function f(z) = x in the interval (—m, 7).

The ideas for multi-variable case is also similar: If f : R” — C is of 2r-periodic in each
variable, we want to represent it by the Fourier series

flx) = Z = Z c; @it for all @ = (21, ,x,) € R™
Jjez™ Jjez™
We now consider the cube @) = [—7, 71]" and normalize the scalar product on L*(Q) by

(£,9) = (f, 2@y = |Q’/f da:_][f
with |Q| = (27)".

EXERCISE 4.1.13. Show that the countable set {€*®}4czn is an orthonormal subset of
2(Q).
In order to show that {e*®},czn is a Hilbert basis of L?(Q), we need some preparations.

DEFINITION 4.1.14. A sequence {Qn(x)}yen of 27m-period continuous functions on the
real line is called an approzimate identity if

()QN>0fora11NeN
2) {7 Qn(z)dz =1forall N € N; and
(3) for each0<e<7r0ne has lim sup Qn(z) =0.

N—o0 eslw‘sﬂ.

We now prove the existence of such function described in Definition 4.1.14.

LEMMA 4.1.15. The sequence

-1
1+ cosx N T (1+cosx N
Qn(z) :=cn —a ) cy =27 —s dx

18 an approximate identity.
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PROOF. It is easy to see that Qn > 0 and ffﬁ Qn(x)dx =1 for all N € N. We estimate
the constant cy as followings:

1:C_N ”(1+cosx)Ndm:c_N ”(1+cosx)Ndx
0

2 J_ . 2 m 2
™ N
ZC_N/ (H_l‘) sin 2
T Jo 2
1 N 1
1+¢ 2 2
_ o 1+t dt:ﬂ sNds:$.
T J4\ 2 T Jo T(N+1)

Thus for each 0 < € < ™ we have
1+ cose N
05 s Qul) < Qulo) = ew (152
e<|z|<m 2

< 7(N+1) (14 cose
- 2 2

N
) —0 as N —

because 0 < % < 1. O

Let f and g be two 27-periodic functions. Then we formally define the convolution f * g
by

(fxg)(x) = ' fy)g(r —y)dy.

EXERCISE 4.1.16. Let f and g be two 2m-periodic functions. Show that f xg = g * f.
The following lemma explains the naming of Definition 4.1.14.

LEMMA 4.1.17. Let Qn be an approzimate identity described in Definition 4.1.14 and let
f be a 2mw-periodic function. If f is continuous, then

]\}1_13;0 Qnx f=f converges in L=((—m,m)).
If f e LP((—m,m)) for some 1 < p < oo, then
Nli_r}nOO Qn* f=f converges in LP((—m,m)).
PRrROOF. We first observe that

(Qu * f - f)) = ][ Qn) (@ — ) — F(x)) dy.

Case 1: f is a (uniformly) continuous 27-periodic function. Given any ¢ > 0,
there exists d = d(e) > 0 such that

sup |f(z —y) — f(z)] <e forallzeR

ly|<o

and
sup Qn(z) <€ for all sufficiently large N.

s<al<n
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Then for all sufficiently large N we estimate that
[(Qn = f N

<t (/| /MM)QN (=) — ()] dy

<47T||fHL<>°(R)

e ™~ r ™~

< %< . QN(Z/) dy+/5<yl<ﬂ /(@ —y) = f(=) dy)
< e(1+ 2| fllzem)),
which gives

(4.1.9) limsup |(Q * f — £)(@)] < e(1+ 2| f]l (s,

N—o0

By arbitrariness of € > 0, we conclude the first part of the lemma.
Case 2: f € LP((—m,m)) for some 1 < p < oco. Using the Minkowski’s integral
inequality (Exercise 1.0.10), we estimate
AN
dx>

1Qn * f— fllr((—mm))
<o ([ | evwue—n- o
(/ Q) (& — y) - f(x))lpd:v);dy

1
< —
— 27

1 e
~ o [ @I =) = Tlinmy

Since f € LP((—m, 7)), by approximate it by C°(—m, 7) functions (Lemma 1.0.15), one can
show that, given any € > 0, there exists § = d(¢) > 0 such that

sup |[f(- = y) = fllee(=nmy) < €
ly|<d

By using (4.1.9), then for all sufficiently large N we estimate
HQN * f - f”LP (=m,m))

(/m /5<y|<w)QN D¢~ 1) = Flormn d

<2m <47FHf||LP(( 7))

e 75

< 2—( Qn(y) dy+/ 1fC =) = fllze(=mm) dy)
Q ly|<d < |y|<n

<e(1+ 2| fllzr((=mm))

and we prove the second part of the lemma similar as in the first part. O

Here we also recall the following version of Hahn-Banach theorem, its contrapositive
statement is quite useful in PDE:
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THEOREM 4.1.18 ([Brell, Corollary 1.8]). Let X be a Banach space with dual space'
X*. Let Xo C X be a linear subspace. If Xog # X, then there exists some 0 % f € E* such
that (f,x)x+ax =0 for all z € X.

We are now ready to prove the following:

LEMMA 4.1.19. {€9"},cz is a Hilbert basis (i.e. complete orthonormal basis) of
L2<<_7T77T))'

PROOF. Write ¢;(x) = e**. Let f € L?((—m,m)) be such that
(4110) (f, (ﬁj)[@((_mﬂ.)) =0 forall j€Z.

Let Qx be the function described in Lemma 4.1.15, and from (4.1.10) implies Qn x f = 0
for all N € N. Therefore, by using Lemma 4.1.17, we conclude that f = 0, and our result
immediately follows from the Hahn-Banach theorem (Theorem 4.1.18). O

EXERCISE 4.1.20. Show that {¢¥®},czn is a complete orthonormal basis of L*(Q).

We finally end this section by the following theorem, which makes the above discussions
rigorous.

THEOREM 4.1.21 (Fourier series of L? functions). If f € L*(Q), then one has the Fourier
series

(4.1.11) flx) = Z f(k)e*®  converges in L*(Q)
keZn

with the Fourier coefficients
(4.1.12) F(k) = ]é f(@)e*e d.
One has the Parseval identity
1 Z2iq) = D IF (R
kezn

Conversely, if the sequence {cp} € C*(Z"), i.e. Y pepnlcu]® < 00, then the series
> kezn Ck€F® converges in L*(Q) to some f € L*(Q) and it is necessarily ¢, = f(k), i.e. the
Fourier series s unique.

REMARK 4.1.22. If we equipped ¢2(Z") with the norm

{ex e @) = (Z Ick!2> )

kezn

then in fact it is a Banach space. Theorem 4.1.21 says that there is a 1-1 corresponding
between the elements in L?*(Q) with the elements in ¢*(Z™). Therefore the Fourier coefficients
(4.1.12) can be viewed as the discrete Fourier transform, and the inverse discrete Fourier
transform is given by the formula (4.1.11). We will further explain this in next section.

11 didn’t explain the meaning of the “dual space of Banach space”, but let’s keep the terminology here for
future references.
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PROOF OF THEOREM 4.1.21. The first part is an immediate consequence of
Exercise 4.1.20. We now prove the uniqueness of the Fourier series. If {cx} € (*(Z"),
then we see that the partial sum

is a Cauchy sequence in L*(Q). Since L?*(Q)) is Banach, then we know that Sy(x) converges
to some f € L*(Q) as N — oo. For each N > k, we also see that

ek — f(R)| = [(Sw = f,e® )| < Culle!® | 12 |Sw = fllzz@) = 0 as N — oo,
which conclude ¢, = f (k). O

EXERCISE 4.1.23. Show that {¢;};enufoy given in Exercise 4.1.4 also forms an orthonormal

basis of L?((0,m)), therefore the Neumann series discussed above is valid. [Hint: Use
Exercise 4.1.10.]

It is possible to discuss the convergence of Fourier series in different sense (e.g. pointwise
convergence, absolute convergence as well as uniform convergence), one can refer to my
lecture note [Kow22]. We will not discuss them in this lecture note.

4.2. A quick introduction of Fourier transform

As mentioned in Remark 4.1.22, the Fourier series is a discrete version of Fourier
transform. We now start to explain this from the following exercise:

EXERCISE 4.2.1. Let T' > 0 and let f : R® — C be a function with period 27 on each
variable. Show that the Fourier series of f is given by

4.2.1 f(z) = f(k)e‘TF*  with  f(k) = f(y)e ' T*FY dy,
(1.2.1) @)= 3 ST it f) = f ey

where

7.1 is the average integral given by

S
][[—T,T}n =7, 11" Jiepmpn T Jiormpe

If we denote § = Tk € 57", then the scaled Fourier series (4.2.1) can be rewritten as

fla) = (zfr)n > ( /[_T’T]n fly)eTiev dy) eiée (;)”.

kezn

We observe that (%)n is the volume of each square in the mesh ZZ". In view of Riemann
integral, formally taking the limit 7" — oo we see that

(122 r@) = g [ ([ fmeteray) e ae

DEFINITION 4.2.2. The Fourier transform of f € L'(R") is defined by

(ZDE) = /€)= | [y ¥ dy.

From this, it is easy to see that ||f”LOO(Rn) < | fll 1 @®ny and f is continuous.
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From (4.2.2), we formally have the Fourier inversion formula

1 A iew 1p 1
(123) @)= G | F@de = G (F)(-a)
But the problem here is the regularity does not match since we do not know whether the
Fourier transform converges for L>°(R") functions or not, because we only define Fourier
transform for L'(R"™)-functions. Our goal to explain when does the equality (4.2.3) is well-
defined.

EXERCISE 4.2.3. Using Fubini’s theorem (Theorem 1.0.4), show that

| J©9©)de= | [@)j(@)dz forall f.g € L'(R").

The above exercise might suggests defining the Fourier transform f of a distribution
f € 2'(R™). However, this idea does not work since we do not whether .#(C(R")) is
contained in C2°(R™). In fact, the failure of this idea is confirmed by the following fact:

LEMMA 4.2.4. If p € C*(R") and ¢ € C*(R"), then ¢ = 0.

This fact says that [p, f(x)g(z) dz is not well-defined for general distribution f € 2'(R").
One can overcome this difficulty by introduce the following class of functions:

DEFINITION 4.2.5. The Schwartz class of rapidly decreasing function is defined as

L (R") =< o e C*(R"): Z sup (1 + |z|?) % [0%p(z)| < oo for all m € Zg

laj<m z€eR™

EXERCISE 4.2.6. For each 1 < p < oo, show that ./(R™) C LP(R™).

Similar to distributions, it is also possible to define suitable topology for .(R"). In fact,
the Fourier inversion formula (4.2.3) can be done in a rigorous way:

THEOREM 4.2.7 (Fourier inversion formula). The Fourier transform is an algebraic and
topological isomorphism, i.e. F : S (R") — L (R") is a well-defined bijective mapping,
which is continuous, and ils inverse also conlinuous. In addition, its inverse is the operator
F1: (R — S (R") is given by the formula

(4.2.4) (F ) (@) = —

(@m)"
for all g € S (R™) and for all x € R".
EXERCISE 4.2.8. For each f,g € . (R"), show that
(1) Symmetry. F2f = (27?)”f with f(z) = f(—m). Consequently, F*f = (2m)*" f.
(2) Parseval’s identity. [, f(x)g(x)dz = fRn A( )dzc

(3) Parseval’s identity. [, f(z)g(x)dx = T [en f(£)3(€) d€. Consequently,
1F 1132 gy = )" 1113250y
(4) Derivative. .Z (02 f)(z) = (i&)*f(£), where y® := yX1y52 . .. yon,
(5) Polynomial. .7 ((—iz)?f)(€) = £ f(€).
Suppose that A is a real symmetric positive definite matrix (in the sense of Exercise 2.3.1).
Compute .#(—Af), where A is the Laplacian (see again Remark 2.3.5).

JRGERL
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DEFINITION 4.2.9. We denote the tempered distribution .#'(R™) the collection of bounded
linear functional on . (R").

By using the Fourier inversion formula on Schwartz function (Theorem 4.2.7), suggested
by Exercise 4.2.3, one can define the Fourier transform f of f € .%/(R™) by

(425) <f, g>y/(Rn)€By(Rn) = <f, g>y/(Rn)@y(Rn) for all g c y(Rn)
In fact, the Fourier inversion formula also holds true for tempered distributions:

THEOREM 4.2.10 (Fourier inversion formula). The Fourier transform is a bijective map
from ' (R") — ' (R"™), and the Fourier inversion formula (4.2.4) also holds.

REMARK 4.2.11. All properties in Exercise 4.2.8 also can be extended for the Fourier
transform in Theorem 4.2.10 as well. Even though the precise definition is given by (4.2.5),
we usually still denote as in Definition 4.2.2.

4.3. Distribution with compact support and convolution

We now want to extend the convolution for functions (Definition 1.0.12) as in [FJ98|,
but here we only exhibit some special cases which we needed. In order to do so, we first
introduce some concept of tensor products. Given any functions f,g, the tensor product
f ® g is defined by

(f @ 9)(x.y) = f(z)g(y).
For each f € Li.(R"), let Ty € 2'(R") be the distribution given in Example 3.1.17, and this

loc
suggests us to define

T o1 = [ [ @@ty dedy

for all p € C°(R™ x R™). If one take a particular choice ¢p(x,y) = (¢1 ® @2)(x,y) =
©1(x)p2(y), one immediately obtain

(Tr @ Ty) (1 @ p2) = Ti(p1)Ty(p2)-

However, not all ¢ can be written in the form of ¢; ® o, and not all distributions can
be written in the form of T}, therefore the well-definedness of the tensor product is not so
obvious. Despite it is not so obvious, however it can be done:

THEOREM 4.3.1. [FJ98, Theorem 4.3.2] Given any T € Z'(R™) and S € 2'(R™), there
exists a unique element T ® S € Z'(R™ x R™), which is called the tensor product of T and
S, such that

(T'® S) (01 ® p2) = T(p1)S(p2) for all p1 € CZ(R™) and ¢, € CZ(R™).

Here we refer to [FJ98, Theorem 4.3.3] for some basic properties of tensor products.
In order to motivate the definition of convolution, let us again consider the distribution
Ty € 2'(R™) be the distribution given in Example 3.1.17 with f € Li.(R™). By direct

loc
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computations, one sees that

T+ T)e) = [ (F+)()ol) dz

:/%/FWV@—yw@my@

z/nwj@w@W@+yMwn

/ [ r@w)ote.y) dyda where dla.y) = pla+)

= (Ty @ T,)(¢).
This suggests us to define the convolution of distirbutions T, S € 2'(R") by

(43.1) (T 5)() = (T2 S)(6) with o(z,y) = plz+y).
Formally from (4.3.1) we immediately sees that

TxS=5x%T.

However, one cannot guarantee ¢ has compact support in R® x R" = R?" even though with
@ € C*(R™). In order to encounter this problem, we introduce the following notion:

DEFINITION 4.3.2. For any open set  C R", the tempered distribution 7' € 2'(R") is
said to vanish on €2, we often denoted as T'= 0 in €2, if

T(p) =0 forall p € CZ(Q).

Two tempered distributions 77,7y € 2'(R") are said to be equal in Q if 77 — 75 vanish in
Q. The support of a distribution T" € Z'(R"), denoted by supp (7), is the complement of
the largest open subset of R™ where T vanishes (therefore supp (7") is necessarily closed in
R™). Accordingly, we say that a tempered distribution has compact support if its support is
a compact set in R".

One can define a suitable topology (not similar to above) for &(R™) = C*°(R"), and we
let &(R™) be the set of continuous linear functional on &(R™). Sometimes we denote & (R"™)
to emphasize the topology, but however we will still denote C°°(R™) in this lecture note. In
fact, the above notions are actually consistent:

THEOREM 4.3.3. Let T € Z'(R™). The following are equivalent:

(1) T has compact support;
(2) T can be extended to an element in &' (R™).

From this, if a distribution 7' € 2'(R™) has compact support, then T'(¢) is well-defined
for general smooth function ¢ € C*°(R") without compact support, this fact is helpful to
deal with the problem encountered while define the convolution of distributions (4.3.1). This
strongly suggests us to overcome this difficulty is to assume that one of the distributions T’
or S has compact support.

THEOREM 4.3.4. The convolution of distributions (4.3.1) is a well-defined (separately
continuous®) map

2We will not explain this topological terminology in this lecture note, but we still keep here for future
reference.
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(1) &' R") x Z2'(R") —» 2'(R"™);

(2) &' (R") x &'(R™) — &' (R™);
One can refer [FJ98] how to deal with the convolution of distributions with non-compact
supports. Despite the precise definition of convolution is given by (4.3.1), but here and
after we abuse the notation by using the notation same as the convolution for functions

(Definition 1.0.12). Similar to Lemma 3.2.10 and Lemma 3.2.11, it is worthmentioning that
similar properties also holds for distirbutional derivatives:

LEMMA 4.3.5. Let T € &'(R™) and S € Z'(R™), then
T xS)=(0°T)« S =T *(9°9).

However, one should be careful about the associativity. The proper statement should be
the followings:

LEMMA 4.3.6. Let T € &'(R"), S € Z'(R") and R € &'(R"™), then
R+« (S«xT)=(RxS)«xT=(RxT)=xS.

However, the above associativity property may fails without assuming the compact
support condition properly, we provide a counterexample in the following exercise:

EXERCISE 4.3.7. Let 71 = 1, T, = ¢;, (derivative of Dirac distribution at 0) and 75 = H
(Heaviside function given in (3.1.1)). Note that both T} and T3 do not have compact support
on R!. Show that

(Ty * Ty) * Ty and T} % (T3 * T3) both exist but they are not identical.

4.4. Fundamental solution of Laplacian

For simplicity, here we only consider the Laplacian. The ideas in this section can be
generalized for general elliptic systems, here we refer to the monograph [McL00|. We are
now interested to construct a distribution ® € .#/(R™) for which

(4.4.1) —AdP =4, in S (R").
In view of Lemma 4.3.5, for each f € C°(R"), one can easily see that
CA@ % f) = —Ax [ = g% f =,

which immediately gives a solution of the Poisson equation —Awu = f in R”, which motivate
us to study such distribution ®. Taking the Fourier transform on (4.4.1) suggests us to find
d(&) = |€|72. However this seems not a good idea since there is a singularity at & = 0.
For simplicity, here we will only consider Laplacian case, one can refer e.g. [DHM18| for
discussions for more general elliptic systems.

We now define

1 2—n
(4.4.2) D) = § o E " when n > 2,
—%log|m| when n = 2,
where |Bj| is the volume of unit ball in R", and in fact it is given by

271‘"/2

|By| = W
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EXERCISE 4.4.1. Show that ® € L} _(R"), and it satisfies (4.4.1), more precisely, show
that

—/ ¢ (x)Au(x)de = u(0) for all u € CF(R").

[Hint: Choose R > 0 such that supp (f) C Bg. Given ¢ > 0, consider the integral
fRn\BECID(w)Af(w) de = fBR\BECI)(w)Af(:B) de, and then doing integration by parts on
Br \ B.. Be careful the orientation on the inner sphere 0B..|

EXERCISE 4.4.2. Let ) be a bounded Lipschitz domain in R". Prove the Green’s
representation formula:

u@»—45¢@—wam»—w@@@@—y»&a—ééw—ymmwdw

[Hint: Can be done using similar ideas as in previous exercise. |

DEFINITION 4.4.3. The integral [, ®(x —y)f(x)dx is call the Newtonian potential with
density f.

If we choose u be the unique solution of Au = 0 in Q with u|;, = ¢ (see Theorem 3.6.22),
from Exercise 4.4.2 we have

(4.4.3) u(y) = /m (®(x - y)dyu(z) — g(2)0, P(x — y)) dSe.

Now suppose that h € C*(Q) N C2%(N) satisfies Ah = 0 in , then by integration by parts
one can easily show that

(4.4.4) 0= /Q h(z)Au(z) dz — — /6 (h(@)o,u(z) ~ o(@)0,h(@)) dS;.
In view of (4.4.3) and (4.4.4), if we write G(x,y) := ®(x — y) — h(x), then we reach

uw%=AQK%mM&MQﬂ—meA%%y»d%-

If we can find h such that G(x,y) = 0 for all € 01, then we reach

(4.4.5) ww:—éﬁwmﬂ@wm&,

which gives a representation for the unique solution u of Au = 0 in Q with u|y, = g (see
Theorem 3.6.22). Such function G in (4.4.5) is called the Green’s function.

When € is a ball, indeed the Green function can be written explicitly, and thus (4.4.5) is
valid at least when €2 is a ball:

EXERCISE 4.4.4 (Poisson integral formula). Let Q = Br = Bg(0) = {x € R" : || < R}.
For each 0 # x € R", let @ be its reflection with respect to 0Bgr with formula

R2
T = Ww for all 0 # « € R".
x

Let ® be the function given in (4.4.2), and define

vy -0 (Ye-9) wro
®(x) ~ B(R) v-

G(z,y) =
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(1) Show that G(z,y) = G(y,z) > 0 for all z,y € Bp.
(2) Show that

(4.4.6) G (x,y) = 0o/G(w,y) =

for all x € 9Br and y € Bg.
(3) If u € C*(Bg) N C*(Bpg) satisfies Au = 0 in , then

R* — |y? u(x
(4.4.7) u(y) = nlB—ﬁ! /BBR \:L'E—y)|” dS, forall y € Bp.
We usually call (4.4.6) the Poisson kernel, and we denoted it by
K(xz,y) = = |yl lx —y|™" forall z € 0Bg and y € Bg.
n|By|R

By choosing u = 1 in (4.4.7), one immediately sees that

(4.4.8) K(x,y)dS, =1 forall y € Bg.

dBg
Based on this observation, we now able to solve the Dirichlet problem in the following sense
(it is interesting to compare this result with Theorem 3.6.22):

THEOREM 4.4.5. Let 2 = B = Br(0) = {x € R" : |x| < R} and let ¢ be a continuous
function on OBg. Then the function u defined by

u(x) = faBR K(xz,y)g(y)dS, forx € Bp,
g(x) for x € OB,
belongs to C*(Br) N C°(Bgr) and satisfies Au =0 in Q with uly, = g.
PROOF. It remains to show that u € C°(Bg). From (4.4.8) it is easy to see that

u(x) — u(zo) = . K(z,y)(9(y) — g(x0)) dSy.

Given any xy € 0Bg and let € > 0 be arbitrary number. Since ¢ is (uniformly) continuous,
one can find 0 = d(e) > 0 such that

sup  |o(x) — p(mo)| < e

|e—x0|<d

Then if | — x| < §/2, then from (4.4.6) we see that

K(z,y)(9(y) — g(x0)) dSy

0BR

< / K(x,9)|g(y) — g(x0)|dS,
ye@BR,\y—wo\S(S

|u(@) — u(®o)| =

+/ K(z,y)|9(y) — g(x0)| dSy
yEOBR,|ly—xo|>0

2|9l 08x) (R — |2|*) "2
(6/2)

< e+
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Since xy € dBg, then x — @ implies |x| — R, therefore

limsup |u(x) — u(xo)| < e.
T—TQ

By arbitrariness of € > 0, we conclude our theorem. O

In fact, one can show the unique solvable of the Dirichlet problem Au = 0in Q with u|,, =
g for some suitable regular 0€2 by using the method of subharmonic functions, called the
Perron’s method. This ideas even works for elliptic equations, see e.g. [GTO01, Theorem 6.13].
In fact, we have the following result, which is even holds true for general elliptic equations:

THEOREM 4.4.6 (A special case of [GTO01, Theorem 6.13], see also Theorem 3.6.22).
Let Q be a bounded Lipschitz domain in R™ and let g € C°(0Q). There exists a unique
i€ HL ()N COQ) with

Au=01inQ, uly,=yg.

Here H} () ={ue 2'(Q) : u|, € H'(w) for any open set w satisfies w C Q}.

loc

Fix any @ € Q. By using Theorem 4.4.6, one sees that the mapping g — u(x) is a linear
functional on C°(92), which is positive in the sense of g > 0 implies u(x) > 0 in Q and if
0 # g > 0 implies u(x) > 0, which holds true by strong maximum principle (Lemma 3.5.6).
Therefore, by the Riesz representation theorem [Rud87, Theorem 6.19], there exists a Borel
measure i, on 0f) such that

u(x) = /mg(y) dpia (y)-
This is related to the existence of the Green’s function in (4.4.5) by interpreting
—0,G(x,y)dSy = duz(y).
DEFINITION 4.4.7. We call such measures {(iz }zcq the harmonic measures.

Here we refer the monographs [CS05, Ken95| for further introduction on this topic, see
also [CFMS81]| for discussions about some generalizations.



CHAPTER 5

Partial differential equation in weak sense (continued)

In Chapter 2, we discussed wave equation under classical sense. Recall that in the very
beginning of Chapter 3, we give some reason that it is necessarily to investigate the PDE
in weak sense. We now turn back to study the wave equation, but now in weak sense, as
in [Eval0, Chapter 7|. For simplicity, here we only consider constant coefficient case. The
argument can be easily extended for variable case. The ideas in this chapter even works
for some PDE involving pseudodifferential operators with some necessarily modifications
[KLW22, KMS23, KW23|.

Let 2 be a bounded Lipschitz domain in R" and for each 7' > 0 we denote Q7 := (0,7") x
and (09Q)r := (0,7) x 9. Our goal is to solve the following hyperbolic initial-boundary value
problem for some suitable external source f = f(¢,x) as well as initial conditions g = g(x)
and h = h(x):

Pu—Au+b-Vu+cu=f in Qr,
(5.0.1) u=0 on (07,
u(0,x) = g(x), Ou(0,x)=h(x) forall x e Q.

Here b = (b, -+ ,b,) and ¢ are constants (for simplicity).

5.1. Formulation of weak solutions

We first explain the motivation for definition of weak solution. Fix any ¢ € (0,7") and
given any ¢ = ¢(x) € C*(Q2), from (5.0.1) and integration by parts (Theorem 3.2.8) formally
one has

(ft,), ) - @omi) = 0 (u(t, ), ©)r2@) + alult, ), ¢),
where the bilinear form B is given by
a(p, ) == (Vo, V)2 + (b- Vo, 0)r2) + (9, ¢)
This strongly suggests us to work with w(t,-) € HJ(Q) and f(¢,-) € H '(Q). For later
convenience, we define the associated mapping
w:[0,T] = H3(Q), [a(t)](x) = u(t,x),
f:00.T) = HY(Q), [f®)@):= f(t ).
We denote
(@(t)(x) = du(t,x), (a"(t))(z) = Ofu(t,z),
and we write
(f(), ) H-1(QeHL(Q) = a7 (u(t), ©)r2w0) + B, v;t),
with
Blu, ¢;] := a(u(t, ), ¢).
66
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For convenience, for each Hilbert space H, we denote
L*(0,T;H) :={u:(0,T) x H—=R:t+ |u(t,")|u € L*((0,T))},

which is a Banach space equipped with the norm

T 3
511) i = ([ ottt

EXERCISE 5.1.1. Verify that (5.1.1) is a norm.

We now state the precise meaning of the weak solution of (5.0.1):

DEFINITION 5.1.2. We say a function u € L*(0,T; H} () with ,u € L*(0,T; L*(Q2)) and
02 € L*(0,T; H(Q)) is a weak solution of the hyperbolic IBVP (5.0.1) if

(5.1.2) (", o) - 1(Q )@H1(9)+B[U p;t] = <f ) H- Q)@ HL(Q)
for all ¢ € H3(Q2) and a.e. t € (0,7), and u(0) = g as well as @ (0) = h.

5.2. Existence of weak solutions

Let {\;¢;} be the eigensystem of L*(2) described in Theorem 3.6.4, which is also an
orthogonal basis of H} (), see Remark 3.6.7. We want to approximate @ by

(5.2.1) U (t) =Y d (V)
k=1
where 1, satisfies
(5.2.2) (1, (1), D) - v @er@) T Blim, ¢r;t] = (f(t), ) m ~1(Q)@BHZ(Q)
for all ¢ € H{(Q) and ae. ¢ € (0,7), and (@m(0), ox)r2() = (9, dx)12(0) as well as

(7, (0), o) L2() = (M, Pr) 120
EXERCISE 5.2.1. Show that d¥ (t) satisfies the linear system of ODE

(d Y'( +Z t)de (t) = fr(t) for k£ e {1,--- ,m}.

with e¥(t) = Blwg, wg; t] and f5(t) := (f(1), ¢x) r2()-

By using the standard theory for ODE [HS99], there exists a unique C? function d,,(t) =
(dl(t), -+ ,d™(t)) satisfies the ODE described in Exercise 5.2.1, and thus we constructed the
function @, as in (5.2.1), which is called the Galerkin apprizimation of u. The next step is
to obtain an energy estimate for ,,.

THEOREM 5.2.2. If f € L*(0,T;L3*(R)), then there exists a constant C = C(Q,T) such
that

sup ([lin ()l mycon + 10, (8) gy ) + |20 2200100
0<t<T

< C (Ifllzz oz + 9y + 1Allz2)
for all m € N.
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PRrOOF. The constant C' > 0 may differ in each line. We will only tracking its dependence.
By choosing ¢ = 1,,(t) in (5.2.2), we reach

(F(t), 11, p2q) = (il (1), Uy, (1)) -1 (@3 () + Blim, U, 1]
d /1, . S
~ 4 (31Ol ) + Blim. it

Furthermore, we can write

Bl U5 t] = (Viign, VU, ) r2) + (b Vi, U, 2(0) + (T, ),)
d ~ ~/ /
&(HW%UMWO+UVW%WMM)+WWWM

d 2 ~ 2 ~ 2
> 4 (31980l ) - € (Iinlyo + 1)

Combining the above two estimates, together with the Poincaré inequality (Lemma 3.4.6),
we reach

d 77 ~
< C (Vi) sy + N oy + 171320200 ) -

For convenience, we write n(t) := ||Vﬂm(t)||%2(m + ||’L~L;n(t)||%2(9), and the above inequality
reads

7' (t) < Cn(t) + 112 0m220)-

Ct

By consider the integral factor e=*", we see that

S (e=Ct(1) = ~Ce=CUn(t) + e (1)

< Ce™ | flli20..209) < CF 2070200
therefore we immediately sees that

o d
e CT(r) — n(0) = /O e D) dr < OT ey, Tor e 7€ (0,7)

However, from Remark 3.6.7 one has
n(0) = "vﬁm<0)|’%2(9) + Ha/m(O)H%?(Q)
< N (0) 1753 @ + 10 (O)Hiz(g

_Z/\2 ¢j L2 Q)| +Z| ¢] L2(Q)|

? L bi) 2ol +Z| L 0i) 2ol

< Z)\Q L0 2ol +Z| L0 2ol

(5.2.3) = HgHHé(Q) + [1All72q)

Ms
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which proves

su T (t + ||, (¢ )
s (@l ey + 17,0l

(5.2.4) < C (I l2zsen + lgllmyo + 1l ) -

In order to estimate the term 4y, (t), we fix any v € Hg(Q) with [[v]| 1) < 1 and it can be
uniquely decomposed as v = v' + v?, where v' € span {¢;}}; and (v, wy)2(q) = 0 for all
k=1,---,m. It is easy to verify that
<ﬁ:%(t), U)H*(Q)@H&(Q) = (ﬁ%(t), U)L?(Q)
= (U (1), ) 12(0) = (f(t),0") = Blim(t), v';1].
Since (v*,wy)z2() = 0, then by using Remark 3.6.7 one can easily verify that (v*,wy) g1 () =
0, and thus [[v'|| g3 (q) < 1. Hence one sees that
40 D @eml < € (Mlanma + lin@lae) forae. t€0,7)

which implies

(Ol a1 = sup [l (1), V) r1@)emi @)
II’UIIH%(Q)Sl

<C <||f||L2<0,T;L2(Q)> + ||ﬁm(t)||Hg(Q)> for a.e. t € (0,7).

Consequently, we reach
T
JRICACIT

T
<C [ (I Bromaon + lim(Olye) &

< O (Ifl 2oz + lgllgie) + 1l )

where the last inequality follows from (5.2.4). Finally, combining this with (5.2.4), we
conclude our lemma. O]

EXERCISE 5.2.3 (Gronwall inequality). Let ¢ — n(t) be a non-negative, absolutely
continuous function on [0, T], which satisfies for a.e. ¢ the differential inequality

' () < o(t)n(t) + ()
where ¢(t) and 9 (t) are non-negative integrable functions on [0, 7]. Show that
t t
n(t) < exp </ o(s) ds) {U(O) +/ (s) ds} forall 0 <t <T.
0 0
In particular, if " < ¢n on [0,7] and 1n(0) = 0, show that n =0 on [0, T.

EXERCISE 5.2.4 (Gronwall inequality). Let £(¢) be a nonnegative integrable function on
[0, 7] which satisfies for a.e. ¢ the integral inequality

) < ¢ /Otg(s) ds + C,
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for some constants C7, Cy > 0. Show that
E(t) < Cyo(1 + C’lteclt) forae 0<t<T.
In particular, if £(t) < Cy [ &(s)ds for a.e. 0 <t < T, then £ = 0 on [0,7].

It is important to notice that the upper bound in Theorem 5.2.2 is independent of m.
We will recall a standard tool for proving the existence of weak solutions, which is related
to Banach-Alaoglu-Bourbaki theorem [Brell, Theorem 3.16] as well as Kakutani theorem
[Brell, Theorem 3.17]:

THEOREM 5.2.5 (|Brell, Proposition 3.5 and Theorem 3.18|). Let X be a reflexive
(roughly speaking, X** = X with respect to some suitable topology) Banach space and let
{un} be a bounded sequence in X. Then there exists a subsequence {u,,,} that converges
weakly to some u € X in the sense of

<f7 umg)X*@X — <f, U>X*®X as ¢ — oo.

In view of the upper bound in Theorem 5.2.2 which is independent of m (in other words,
uniform with respect to m), by choosing the space X with norm (Note. here we choose L?
in the time variable, rather than L®: the dual of L' is L>°, but the dual of L> is BMO, but
not L)

10l x = 9]l 20,7130y + 19l 20,1512 ) + 19”1 20,81,

there exists a subsequence {u,,,}32, and u € L*(0,T; H}(Q)) with d,u € L*(0,T; L*(Q)) and
O/u € L*(0,T; H1(Q)) such that

U, — U weakly in L?(0,T; H}(Q)),

(5.2.5) Optty,, — Opu weakly in L?(0,T; L*(Q)),
DU, — 0?u  weakly in L*(0,T; H*(Q)).

(

We now fix an integer N and choose a function v € C*°([0, T]; Hj(2)) of the form
N

(5.2.6) 5(t) =Y _d*(t)gy where d* € C>([0,T).

Then from (5.2.2) we have

/0<ﬂ;’n(t),6(t)>H el @ dt+/0 B[ﬂm,@;t]dtz/o (f(t), 5(t)) L2y dt.

Choosing m = my and from (5.2.5), we have

(5.2.7) /0(a”(t),@(t»H1(9)@H3(Q)dt+/0 B[ﬂ,f};t]dt:/o (f(t),f;(t))Lz(Q)dt.

By using the density lemma (Corollary 3.3.15) and the eigendecomposition of Laplacian
(Theorem 3.6.4), we know that each function in L?(0,T; Hy(f2)) can be approximated by the
functions in the form of (5.2.6). Therefore (5.2.7) is actually valid for all

ve L*0,T; Hy(Q)).
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By choosing the test function v which is independent of ¢ in (5.2.7), we immediately see that

the limiting function u satisfies (5.1.2). If we choose v € C*([0,T]; H}(Q)) with o(T) =

~!

?'(T) = 0in (5.2.7), integration by parts twice with respect to ¢ we find
T T
/ (0"(t),a(t)) 2 dt +/ Blu,v;t] dt
0 0

(5.2.8) - / (F (), 0(8)) 120y dt = (@(0), 7 (0)) 20y + (@ (0), 5(0)) - oprryco)-

If we choose v be as in the form of (5.2.6), we reach
T T
/ (6//(t)7ﬂm(t))L2(Q) dt—l— / B[ﬂm,ﬁ;t] dt
0 0
T ~
= / (f(1), (1)) L2 At — (U (0), 0'(0)) £2(0) + (@7,,(0), 9(0)) -1 (@ m ()
0

- / (1), 5(8)) 220y At — (9(0),(0)) 22y + (A(0). 3(0)) -+ oy o)

because (U, (0), ¢r)r2@) = (9, 0r)r2@) as well as (4, (0), ¢r)r2@) = (h, dr)r2). Again
choosing m = m, and from (5.2.5), from the above equation we see that

/U(ﬁ/,(t)7ﬂ(t))1:2(g)dt+/o Blu, v;t] dt

(5.2.9) = | (70 50 0 = (0000, 7))+ (hO) HOYir sy
Combining (5.2.8) and (5.2.9), we see that
= (@(0),7'(0) z2() + (@'(0), 9(0)) -1 ()@ 113 ()
= —(9(0),7(0)) L2(0) + (h(0),9(0)) -1 (e () -
)

By arbitrariness of ¢/(0) and 9(0), we verify the boundary conditions in Definition 5.1.2, and
hence we conclude the following theorem:

THEOREM 5.2.6. There ezists a weak solution (Definition 5.1.2) of the hyperbolic IBVP

(5.0.1) satisfies the energy estimate

sup (Jlu(t, )iy + 190t lmgeen ) + 107u(t, )20 20110
0<t<T

(5.2.10) < C (I oz + gl + Iz -

5.3. Uniqueness of weak solutions

We now show that the solution is unique.

THEOREM 5.3.1. There is at most one weak solution (Definition 5.1.2) of the hyperbolic
IBVP (5.0.1).
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PROOF. It is suffices to show that the only weak solution of the hyperbolic IBVP (5.0.1)
with f = ¢ = h = 0 must be u = 0. To verify this, fix 0 < s < T and set

B(t) = [Sa(r)dr %fOStgs,
0 ifs<t<T.

For each 0 <t < T one sees that 9(t) € H}(Q) and so

:/ <<ﬂ//,@>H_1(Q)EBH(}(Q) + B[&,f),t]) dt
0
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(b- Vi, 8) 120 dt

—0 —0
1 ~ 1 /_~/h C’,V_M
= Ly — & TV ey & 1)
:gEO
1, ~—= | €~
- §|| a(0) 72 + §||VU(O)||%2(Q) + §||U(O)||2L2(Q)

=0

A

~

—T6-V(s). 5(5)) oy +(b - V(0), 5(0)) ey + / (b- Vi, ) ooy dt,
0
Then we have
16(5)[| 720y + IVE(0) |72 (0

s

(b- V&, )20 i

(o4t

(0))r2) —

(b-V0,u)12q)dt  (since 0" = —a)

S— 55—

= —c[|2(0)[|72(0) — (b~ V5(0),9(0))12() —
It is not difficult to see that
(b~ V3(0), 50)) 2| < VIO ey + 10} oo
The constant C' > 0 may differ in each line. Hence we see that
la(s)lIZ2() + IVO(0)II72(0
(5.3.1) <c / (V3@ + 15(8) 320y ) dt + ClI5(0) 32

Now we write
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and now (5.3.1) reads
||@(3)||2L?(Q) + ||Vﬁ)(8)||%2(ﬂ)

< c/os (Hv(w(t) —@(5)) |20 + ||a(t>||§2(m) dt + Clli(s) 220

< [ (IVaIBxg + 19060 + 10l d

since ||w(s)||r2@) < Jy 1a(t)]| 120 dt. It is important to observe that C' is independent of s,
hence we obtain

()220 + (1 = sC) [ Vio(s) 72

< [ (I980lxe) + 1)) .

L
2C"?

[a(s)lI72() + IV ($)Z20) < Co [ (IV@O)I72(0) + @) 1720y ) dt.
0

Consequently, the integral form of Gronwall’s inequality (Exercise 5.2.4) implies @(t) = 0 for
all 0 <t <Tj. We apply the same argument on the intervals [T, 271}, [27}, 371] and so so,
finally we conclude u = 0, which complete the uniqueness proof. O

Hence we can choose T := and so
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