
DIFFERENTIAL EQUATIONS (751873001, 114-1) - HOMEWORK 3

Return by October 10, 2025 (Friday) 23:59

Total marks: 50
Special requirement. All homeworks must be prepared by using LATEX.

Exercise 1 (5+5+5 points). Let A,B ∈ Cn×n, show that

(a) ∥A∥ = (tr (A∗A))1/2, where A∗ is the conjugate transpose (or adjoint) of A ∈ Cn×n.
(b) ∥A+B∥ ≤ ∥A∥+ ∥B∥,
(c) ∥AB∥ ≤ ∥A∥∥B∥.

Exercise 2 (5 points). Show that Am converges to A if and only if limm→∞ ∥Am − A∥ = 0.

Exercise 3 (10 points). For each A ∈ Cn×n, show that det(exp(A)) = etr (A). In addition,
show that tr (A) = λ1 + · · ·+ λn, where λj ∈ C are eigenvalues (may identical) of A.

Exercise 4 (5+5+5 points). Let

A1 =

(
0 −a
a 0

)
, A2 =

 0 a b
0 0 c
0 0 0

 , A3 =

(
a b
0 a

)
.

Compute exp(A1), exp(A2) and exp(A3).

Exercise 5 (5 points). Show that for any a, b, d ∈ C that

exp

(
a b
0 d

)
=

(
ea b e

a−ed

a−d

0 ed

)
.

Since

lim
a→d

ea − ed

a− d
= ea,

we simply interpret ea−ed

a−d
as ea when d = a. (Hint. Show that(

a b
0 d

)m

=

(
am ba

m−dm

a−d

0 bm

)
for all m ∈ N and a ̸= d.)
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